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ABSTRACT

MODELING IMBIBITION OF LIQUIDS INTO RIGID AND
SWELLING POROUS MEDIA

by

Reza Masoodi

The University of Wisconsin-Milwaukee, 2010
Under the Supervision of Dr. Krishna M Pillai

In porous media studies, imbibition is the spontaneous movement of a liquid into
a porous medium under the influence of capillary forces. It is also known by the name
wicking, and can sometimes be aided by an external pressure, as in the case of forced
infiltration of liquid polymers into a bed of fibermats. In this study, the imbibition of
liquids into porous media in important engineering applications is studied. A relatively
new approach of using the single-phase flow behind a clearly-defined liquid front in a
porous medium has been adopted in this work to model imbibition or wicking. Such an
approach employs Darcy’s law in conjunction with the continuity equation to model the
liquid flow behind the front.

First the modeling of liquid flow in polymer wicks is undertaken. A new formula
to predict the capillary suction-pressure at the liquid fronts in commercial wicks made of
sintering the polymer beads was proposed. Later, a more general formula was derived
and verified for estimating the capillary suction pressure in any kind of porous substance.

We compared the performance of the proposed Darcy’s-law based approach with that of
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the Lucas-Washburn equation; some new methods were suggested to improve the
accuracy of these two dominant methods for modeling the liquid transport in
aforementioned wicks.

Our Darcy’s law based modeling approach is superior to the previous Washburn
Equation based approaches as the former can be easily extended to 2-D and 3-D unlike
the latter. The 3-D liquid flow in the wicks was studied numerically using PORE-
FLOW®, an in-house computer program to model porous-media flows. For the first time,
the finite element/control volume (FE/CV) algorithm is employed to solve the moving-
boundary problem encountered in wicking. A good validation is achieved against the 1-D
wicking-flow analytical solution as well as a 3-D wicking experiment involving a wick
with two different cross-sections.

A special case of wicking, in which both the external hydrodynamic pressure as
well as the capillary suction-pressure are the drivers, was studied experimentally and
modeled analytically. Both the Darcy’s-law based approach as well as the Washburn-
equation based approach were used as models. The former was shown to work better at
zero or low external pressures, while the latter displayed good predictive capabilities at
higher imposed pressures.

We also studied flow in non-rigid swelling porous media. The continuity equation
was modified to include the liquid-absorption and swelling effects, and then Darcy' s law
was employed to model wicking in paper stripes made from cellulose and superabsorbent
polymers. The proposed model showed very good agreement with previous experimental

results. It was shown that the wicking predictions by the newly proposed model are
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identical to the predictions of another theoretical model in which Washburn equation was
modified to include the swelling effects.

The wicking in swelling paper stripes was also modeled numerically using PORE-
FLOW®. Once again the continuity equation, modified to include the liquid-absorption
and swelling effects, coupled with the Darcy' s law formed the governing equations. The
porosity and hence permeability in a swelling medium are a function of time in such a
situation. A new method was proposed to estimate the local permeability in such swelling
media from the absorbed-mass-vs-time plot to enable the numerical simulation of such a
wicking process. The numerical results compared well with the experimental data and it
proved the effectiveness of our suggested local-permeability estimation method as well as

our wicking model for the swelling media.

'BB‘/CUL S/10/2010

— =
Major Professor Date




Vi



© Copyright by Reza Masoodi, 2010
All Rights Reserved

vil



This dissertation is dedicated to:

Fatemeh

and

Without their patience, understanding, support, and most of all love, the

completion of this work would not have been possible.

viii



ABSTRACT

TABLE OF CONTENTS

TABLE OF CONTENTS

..........................................................................................................

LIST OF FIGURES ..o

LISTOF TABLES ...

NOMENCLATURE ....coooiiiiiiiiiii e

ACKNOWLEDGEMENTS

Chapter 1: INTRODUCTION .......cccoiiiiiiiiiniiiciciie e

U R 0310 L) 15 1s ) o AUUUUUUUOR OO TSRS ORUPUPRTON

1.2 Mathematical Modeling of Imbibition ..........cccccoeveiviiiiniiiiiencreeee

1.2.1

1.2.2

The Darcy’s Law Based Approach .........ccocccovvienirevcinccncniennne.

Washburn EQUation ..........ccccooviiiiiiiiiine e

1.3 Capillary Pressure e e e e eenee e

1.4 Swelling Effects

1.5 Study of Special Cases ettt ettt e en e

1.5.1 Darcy's Law-Based Model for Wicking in Polymer Wicks ...........

1.5.2 A Washburn Equation Based Model for Wicking in Polymer

1.5.3 FEM Modeling of Wicking in Altered Polymer Wicks ................

1.5.4 Effect of External Pressure on Wicking into Paper Wipes ............

ix



1.5.5 Darcy's Law Based Model for Wicking in Paper-Like Swelling

POrous Media ......covoviiviieiiieeiiiiee et e 12

1.5.6 A General Formula for Capillary Pressure ......c..ccccoocvviniiinninnns 13

1.5.7 Flow Modeling in Natural-Fiber Preforms Used in Liquid

Composite MOIAING ....cceoveerriiniiiiiirieneiieere s 14

1.5.8 FEM Modeling of Flow in Paper-Like Swelling Porous Media .... 15
RETEIEINCES ..o.eiiovieiiieiieiie ettt s e 15

Chapter 2: DARCY'S LAW BASED MODEL FOR WICKING IN POLYMER

WICKS oottt ettt sttt et be st e bt e e ret et b et e ssaenbeeseen 18
2.1 INrOAUCHION .oveveiiieiiiieiiiie et 18
2.2 Mathematical TREOTY .....c..oeiniiiiiiiieiecei e 21

2.2.1 Washburn equation ........ccccccooceerviiiiieiiinieenieeeecceec e 21
2.2.2 Darcy’s Law based Wicking Formulation ..........c.cccccoviieinnienne 23
2.3. Experimental Procedure ..........ccovuieiirieiieiieniieceieee e 31
2.3.1 POFOSILY (£ ) coveeiieieiii ettt v et vae s stae e serre s rananes 33
2.3.2 Permeability (K) ..ccoooviiiivieieeiieeeeeeeeee e 34
2.3.3 Mean Pore Radius of Wicks (R, ) ..ccoovvvviriniieininiccecie, 37
2.3.4 Surface Tension and Contact Angle ..........cccovveeiiiniiiieninnnnen, 38
2.3.5 TOITUOSIEY (T ) veeveeereeeiieeiieenite et nte ettt et seee e 40
2.3.6 Effective Bead Radius (R, ) .oeoverveeiiieereieenicecineeeeeeeeenes 40
2.4 Results and DiSCUSSION .....ccovuierriiiiieeiiriiiiiiite e eesae e 42

2.4.1 Wicking Tests and Comparison with the Predictions of Various



2.5 Summary and ConclUSION .......c.cccceiiiriieniieicsieeese e 51
RETEIEINCES ..oiiiiiiieiiccre et 33
Chapter 3: ROLE OF HYDRAULIC AND CAPILLARY RADII IN

IMPROVING THE EFFECTIVENESS OF CAPILLARY MODEL IN

WICKING ottt sttt e ne s 55
3.1 INtrOdUCHION ..eeiieciiiiieie et e 55

3.2 Theory of WICKING ......ccociiiiiriiiiriiieiieneeterr ettt 57
3.2.1 Capillary Model .....oooeveieiiiiiiciice e 58

3.2.2 Darcy Model ....coeooeviiiiieieiiieeee e 61

3.2.3 Improving the Capillary Model Through the Capillary and

Hydraulic Radii ......ooovviiiiieieiiriiec et 61
3.3 Experimental Measur€ments ..........ccccceeveerieinecinieeiicenec e 61
3.3.1 Measuring the capillary radius (R, ) ...coceveeerecrneirinnereieenenns 62
3.3.2, WICKING TESS ..evniiiiiiiiriieiiineenieeiccieerccr e 63
3.4 Results and DISCUSSIONS .....c.cccceerveruirrieniieieiieseenireseeeaesreere e ssieenseens 64
3.5 Summary and ConClUSION ..........ccecerieeiieviiieene e 71
RETEIEICES .oiiivtiiiit ittt sttt st b e b e e e e b e sene 72

Chapter 4: DARCY'S LAW BASED NUMERICAL SIMULATION FOR

MODELING 3-D LIQUID ABSORPTION INTO WICKS ......cccocvviniiiiiinne 73
4.1 INrOUCHION c.veeiiiiiieiciteieee ettt s 73

4.2 Geometry of Plain and Altered Wicks .......ccoonieiniiniiiniiciicie 76

4.3 Theory of WICKIiNg ......cccocveeiiriiiieieciiieniicieitcncen e 77
4.3.1 Analytical Solution for a Single Cross-Section Wick ............... 79

Xi



4.3.2 Analytical Solution for an Altered Wick Using Darcy's Law ..... 80

4.3.3 Analytical Solution for a Simple Wick Using the Modified

Capillary Model .......occoriiiiiiiiiee s 83
4.4 Numerical APProach ........ccocooiieeviinininiintceieieseee e 84
4.4.1 FE/CV MEthO ....coucioiiriicniiecerieceie et essesesesessee s - 85
4.5 Results and DISCUSSIONS ......ccueiriirreriieriririeieniieeeseeisesaeeee e esseasseeees 90
4.6 Summary and CONCIUSION ........coooieriiirriiriirireiireeiiectresiresieeeeiaesiaeens 103
RELEIENCES .. cvviuiiiiiiiiet ettt 104

Chapter 5: EFFECT OF EXTERNALLY APPLIED LIQUID PRESSURE ON

WICKING IN PAPER WIPES ...coiiiiitiiee ettt 106
5.1 INtrOQUCTION ...ttt sttt eave e seees 106
5.2 Mathematical Description of Wicking Models ...........cccoeevvvieenriinnennee. 109

5.2.1 Capillary Model ........ccoceiiiiiiiieiee e 109
522 Darcy Model ......ccoviiiiiiiiiiiiiecn e 112
5.3 Experimental StUdy ......cccccoeiuiieiiiiiiiiie e 115
5.3.1 Measuring the Wicking Parameters ..........ccccoevvviieiieeneniienennne 116
5.3.2 Measuring the Wicking Rate under Hydrodynamic Pressure ..... 124
5.4 Results and DiSCUSSIONS ..c...ceeveviiriirieieieieieieee e eeeie e eee e sresseeneens 125
5.5 Summary and ConcluSION ..........cccevierreriireneeieere e 136
REfEIEINCES ...viiiieiiciiii et 137

Chapter 6: DARCY’S LAW BASED MODEL FOR WICKING IN PAPER-
LIKE SWELLING POROUS MEDIA ... 138

B.1 INETOAUCTION .oiiieeeeeee e e ettt e e e e e e e e vemae e e v enaes 138

Xii



6.2 Theoretical Details ..........coocoeriieiiiiiinieee e
6.2.1 Wicking in Rigid Porous Media .........ccccceverrviniicninniccnnncnnens
6.2.2 Wicking in Non-Rigid, Swelling Porous Media ..........ccccccoeene.
6.3 Results and DISCUSSIONS .....ccverveeriiriiiniieiieie ittt esree s neee e
6.3.1 An Experimental Study ........cccoovimiiiniiiniiie e
6.3.2 Permeability .....c.ccceeveiiierieiiiieeieee et
6.3.3 Wicking PrediCtions ..........ccooeuiiiiiaoieniieecieescenec et
6.4 Summary and CONCIUSIONS .......cocvirvieiiirieriiirienieieerre ettt
RETEIEIICES .oiivvieiiieeiiie ettt ettt ettt ee st e seee e s see e vaaeereessneeeaneean
Chapter 7: A GENERAL FORMULA FOR CAPILLARY SUCTION-
PRESSURE IN POROUS MEDIA .....coiiiiritiiiie ettt s
7.1 INErOAUCHION ...eiiiiiiiiieeiteeiieete ettt st er et esaneene
7.2 Derivation of a General Formula for Capillary Suction-Pressure ...........
7.3 Verification of the Capillary-Pressure Relation ........c..ccccccevvenieneencenne.
7.3.1 Flow in the Porous Media with a Constant Ratio of the Volume
to Wetted Area in Particles ........ccoeviiienieiinienieciceieciee e
7.3.2 Flow along Capillary Tubes with a Fixed Radius ............c..........
7.3.3 Flow along a Bank of the Same-Radius Fibers ..............c...cc......
7.3.4 Flow across a Bank of the Same-Radius Fibers .............ccccoeeee.
7.3.5 Flow across a Porous Medium Made of Spherical Particles .......
7.3.6 Flow in Woven Fibermats ...........c.ccooverieiiieniceneenie e
7.4 Applications of the Suggested Formula ...,

7.4.1 Deriving New Expressions for Capillary Pressure .....................

xiil



7.4.2 Using Experimental Measurements to Estimate the Capillary

SUCHION-PIESSUIE ....veentiiiiiiriieiieeeie ettt ens 186
7.4.3 Study Changes in the Capillary Suction-Pressure ............cc........ 187
7.5 Summary and ConcluSiOn .........ccceveevierriiiiiniiirieneecee et 192
REfEIeNCES ..oeviiiiiiiciiei i 193

Chapter 8: FLOW MODELING IN NATURAL-FIBER PREFORMS USED

IN LIQUID COMPOSITE MOLDING ....ccceoiiiiiiiiiiiniiccnceesiieevese s 196
8.1 Imbibition .....cooviieererieiirie e et et st eneee e 196
8.2 Mathematical TREOTY ...cccvevviiiiieiieeectecce et 197

8.2.1 Flow Modeling in Rigid Porous Media .........ccccveeeercininiinennnenn. 197
8.2.2 Flow Modeling in Non-Rigid, Swelling, Porous Media .............. 198
8.3 Experimental Study ......ccocooviiuiieiiieiiieieeeesee st 200
8.3.1 Measuring the Porosity and Permeability ..........cccccoovercnnecnnne 202
8.3.2 Measuring the Liquid-Front Position ..........cc.cccceeveveeiniiienieeenennn. 205
8.4 Results and DISCUSSION ....c.cccuieiiiiiroriireiieiicne et 205
8.5 Summary and ConclUSION ..........cccceeeiiereiiiiiiniie e 208
RETEIENCES ..ottt e 209

Chapter 9: DARCY'S LAW BASED NUMERICAL SIMULATION FOR

MODELING 2-D LIQUID ABSORPTION INTO PAPER-LIKE SWELLING

POROUS MEDIA ...ttt 211
0.1 TNrOAUCTION .veiiieiiiiiiiiiieice ettt sttt et esaeeeas 211
9.2 Experimental Study ........coooovvemiiieiii e 213
9.3 Theory of WICKING .....ccocviuviiieiiiccecc it 215

Xiv



9.4 NUmerical SIMUIATION ...vvere e et ee s 217

9.4.1 Estimating the Wicking Parameters ...........c.cccceeeeinieinnininnnnn, 219

9.4.2 Estimating the Local Permeability Change .............ccocccoevveeneen, 221

9.5 Results and DISCUSSION ...c.veerueeririeriieniiieniieesenereesrte e e stee e sereseeeons 224

9.6 Summary and CONClUSIONS ..........cveverieirerinienerteie et 229
RETEIEIICES ..iieriiiiiiiiiee ettt ettt e 230
Chapter 10: SUMMARY, CONTRIBUTIONS, AND FUTURE WORK ........... 232
FO.T SUMIMATY 1ottt seree e e nae s snae s 232
10.2 CONIIDULIONS ...eiiiviiiiiiiiiiiiieie ettt eeeree e st eesneeesree e anenanee 234
10.3 FULUIE WOTK .oooiiiiiiiii e s e 235
RETEIENCES ..ooniiiiiieiiteie e st 237

Appendix A: CAPILLARY PRESSURE FOR AN ISOTROPIC POROUS

MEDIA WHEN THE RATIO OF VOLUME TO SURFACE AREA OF
PARTICLES IS A CONSTANT ..ottt e 239
Appendix B: PERMEABILITY OF A HYBRID SYSTEM .....ccocoiniiviiiiinen 242
Appendix C: DERIVATION OF THE MODIFIED WASHBURN EQUATION

FOR SWELLING MEDIA ......ccoiiiiiiiiiiiiin s 244
Appendix D: DERIVATION OF THE VOLUME-AVERAGED

CONTINUITY EQUATION FOR LIQUID-ABSORBING, SWELLING

POROUS MEDIA ...ttt et 244
Appendix F: PRESSURE CHANGE UNDER A FLAT WIPE AT A SMALL
ANGLE OF ATTACK ..o 248

CURRICULUM VITAE ... 253

XV



No.
1.1
1.2
2.1

2.2

23

24
2.5

2.6
2.7

2.8
2.9
2.10
3.1
3.2
3.3
3.4
4.1

4.2

4.3

LIST OF FIGURES

Description
Two imbibition phenomena showing sharp liquid fronts ............cccoceciiiinns
Meniscus (or liquid front) in a capillary tube ........ccccoeviniiiirnnercniciniiniiiiens

A typical micrograph of wick C (PP) and the visual description of a method
used for measuring tortuosity (7 = (L, / L)?).evcevervrrrrreriereirieeeeieiesese e,

A photo and schematic of the real setup developed using DCA for the
wicking and contact angle teStS.........ccceoiiniiieiiiiii s
A photo and schematic of the Falling Head Permeameter used for measuring
the permeability and mean pore radius of the polymer wicks.........ccccoceeeiiiinns
The experimental plot used for estimating the permeability in wick A (PC) ....

Micrographs of wicks A (PC) and B (PE) showing the shape and size
variations in the individual beads .........c..cocovceiincininniic e
Frequency distribution corresponding to bead radius for wick C (PP) ..............
Scattering test on wick C (PP) with HDEC, scatter bars show confidence
INEETVAL OF D50 oot
Mass absorption rate in wick A (PC) with three different liquids...........ccc.c.....

Mass absorption rate in wick B (PE) with three different liquids...........c..........
Mass absorption rate in wick C (PP) with three different liquids ......................

A schematic of the test setup and liquid front position in the wick ...................

Mass absorption plots using wick A (PC) with the three liquids............c.ccoueee
Mass absorption plots using wick B (PE) with the three liquids...........c..........

Mass absorption plots using wick C (PP) with the three liquids........................

a) A photo of a cylindrical polymer wick. b) An altered-wick section
showing changes in its cross-sectional area as well as various associated
QUMIEIISIONS . ... ettt ettt ettt ettt et e e bt e e e e bt e sataeessaeessneassaeessneesnssanns
Different regions and liquid-front location in a altered wick with two different
CTOSS-SECHONAL ATAS. ... .eiuiiiiieiiiitieie ettt ettt et sttt e e e e e et eenteneneeateens

A schematic describing a typical finite element mesh along with the

Xvi

23

34
37

41
42

44
46
47
49
57
66
67
69

76

80



4.4
4.5

4.6

4.7

4.8

4.9

4.10

4.11

4.12

4.13

5.1

52

5.3
5.4

5.5
5.6

5.7

surrounding control volumes for application with the FE/CV method to model
the motion of liquid front in the Wicks........ccoiniiiiiiiniinic,
A flow chart describing the FE/CV algorithm ............ccccooiiiiiniinincine
A comparison of the numerical prediction with the experimental result and
analytical solution for the case of wicking in a simple wick.........c.ccooceceeiiinn
For wicking in wick 'D', a comparison of the numerical prediction with the
analytical solutions corresponding to the one and two different cross-sections
for wick, and the experimental reSult...........ooviveiieiiieniniee e
The finite element meshes generated for the wicks B, C, D, and E...................
Pattern of liquid-front movement in the wick C.........coooiiiiiiiiinnini.
Pattern of liquid-front movement in the wick D........ccccccoevivvinninnvnniivinnnncn,
A comparison of evolution of the dimensionless and numerically predicted
liquid-front height (As/ L) in the wicks A, C,and E..........c.cccooooniinnn,
A comparison of evolution of the dimensionless and numerically predicted
liquid-front height (4,/ L,,) in the wicks A, B,and D............cc.coooii,
A comparison of evolution of the dimensionless and numerically predicted
liquid-front height (h/ L)) in the wicks A, B,and D............ccccooininnn,
A comparison of evolution of the dimensionless and numerically predicted
liquid-front height (4;/ L,,) in the wicks B, C, D, and E .............coooiiiins
A schematic and photo of the testing setup used to study the effect of
externally imposed liquid-pressure on the wicking rate in a wipe-stack............
The detail of cutting paper wipes and stacking layers in the cylinder................
Micrography of the structure of the WIPes ........cccooviiiiiiiiii e,
A schematic of the test-setup for measuring the permeability and hydraulic
pore-radius of the hybrid system consisting of the fritted glass plate and stack
OF WIS, .. ittt ettt ettt be et e e be e st a e ta e ateetteeabeenreanaan
The fitted trend-line for the estimation of the permeability in wipe C...............
A scatter estimation on the wipe C with Windex experiment with scatter bars
showing confidence interval 0f 95%......ccccceviiiiniieciiieceeecc e,
Wicking rate in wipe A when water was used under three different externally-

IMPOSEd LIQUIA PIESSUIES. .....veeuvieireiieiiiiiiiiti ettt s eenes

xvii

85
88

91

92

94

95

95

97

99

100

102

107

108
117

118
119

125



5.8

5.9

5.10

5.11

5.12

6.1

6.2

6.3

6.4

6.5

6.6

6.7

6.8

Wicking rate in wipe B when water was used under three different externally-
IMPOSed 1IQUIA PrESSUIES....ceivueiriiiriiieriieeriereiie ettt et et sra e sane s
Wicking rate in wipe C when Windex was used under three different
externally-imposed liquid PreSSUIES......c..cccueorevrerreeciiniiiiinrieereieeicn e
The effect of externally imposed liquid pressure on the absorption time for
wipes A, B and C when the three wipes absorbed the same volume of liquid...
The effect of externally-imposed liquid pressure on the absorption times for
wipes A, B and C when the three wipes absorbed the same volume of liquid...
The effect of externally-imposed liquid pressure on the absorption time when
absorbing a fixed volume of liquid (using the non-dimensional pressure and
time for wipes A, B and C)...c.coooiiiiiiiiiiiii
A schematic of the wicking setup and the wicking (or liquid-front) height in a
POTOUS WICK. ...ttt ettt sttt ene e sabeesanaessnnee e
Wicking height vs. time plot for water absorption in the 13%FC
CMC/Cellulose composite-paper Strip [22]....cccceervrevreriinrieniee e e
Relative porosity &, /¢, versus time plot for the 13%FC CMC/Cellulose

COMPOSIIE-PAPET - vveeiteenerertieeieeeitee sttt eeteee ettt eseeesmneeeseeesaeeesabeeesneeennaeenseesaneeerases

Dimensionless fiber diameter D, /D, versus porosity plot for the 13%FC

CMC/Cellulose COMPOSIIE-PAPET......ecerrveeriierrieerieesireetreereeesereessreesneesssessnseens

Dimensionless fiber-diameter D, /D, versus time plot for the composite

13%FC CMC/CellUlOSE PAPET.....cceeeeeeeeeieiieeiieriirsete st sreesiieste e s eiie e enreenieas
Wicking height vs. time plot for water absorption in the 13%FC
CMC/Cellulose composite-paper strip using the capillary-model permeability
and different values for the absorption coefficient . Experimental data are
FrOmM REE [22] .ot
A comparison of predictions by the modified Washburn equation (Eq (6.4))
and the modified Darcy's law with ‘b=1" (Eq (6.23)) while using the
capillary-model permeability...........cccooviiriiiiiiiiiiii e
Wicking height vs. time predictions for the wicking of water in the 13%FC
CMC/Cellulose composite-paper strip using the Darcy's law-based model

xviil

127

129

131

133

135

142

149

152

153

154

158

160



6.9

7.1

7.2
7.3

7.4

7.5

7.6

7.7

7.8
8.1

with different formula for the permeability of particulate porous media. The
predicted values are compared with the modified Washburn-equation
predictions and the experimental data of Schuchardt and Berg [22]..................
Wicking height vs. time predictions for the wicking of water in the 13%FC
CMC/Cellulose composite-paper strip using the proposed Darcy's law-based
model with different formula for the permeability of fibrous porous media.
The predicted values are compared with the modified Washburn-equation
predictions and the experimental data of Schuchardt and Berg [22]..................
A schematic of particles and void areas in a cross-section of the porous
medium........... ......................................................................................................
Flow through a fiber-bank.............ocoviviiiiiiii e
Wicking predictions using the Darcy's law and different models for the
capillary suction-pressure. The wick was put in contact with a liquid at one
end while the other end was connected to a microbalance to measure the
weight of the wick changing as a function of time. The E.B. Model with
gravity, where the capillary pressure was estimated using Eq (7.34), predicted
the best results [16]. The variable m is the abéorbed mass in grams and f is
TIME TN SECONAS. .euvtitieiietierieeterte et ette ettt e s b e bt be e bt e et e snbessmeeneesaeans
A previous experimental study on the estimation of the capillary pressure in

woven fiber-mats [28] showed a linear relation between the capillary pressure

and (l—g)/eDf. Here different types of woven fiber-mats were used to

measure the capillary pressure using the method of rising liquid-front..............

Change in the dimension-less capillary radius ( R, ) with porosity....................

Changes in the solid-based equivalent capillary radius with the porosity and
the solid-based significant length............cccooiveviiiiiini e,
Changes in the void-based equivalent capillary radius with the porosity and
the void-based significant length..............ccooiiiiiiiiiiiii e
The relation between the dimensionless capillary pressure and the porosity.....
The experimental setup used for permeability measurement and liquid front

tracking during 1-D flow in a flat RTM mold.........c.ccoooeiriiiiniiiiiieeee

Xix

160

162

173
178

181

182

187

188

191
192



8.2

83

8.4

8.5

8.6

8.7

9.1

92

93
9.4

9.5
9.6
9.7
9.8
A-1

D-1

Estimation of fiber volume (which is used later to measure porosity) by
measuring the difference in liquid volumes in a graduated cylinder before and
after the submergence of fiber mats.........c..oovvviieriinnii,
The permeability change predicted by EQ (8.10)....cocvvviieviiiiiniiiiiiieceiece
Estimation of liquid-front location in jute fiber mats during 1-D flow in the
LR 110 o JO P PO
A comparison of the theoretical prediction of liquid-front location as a
function of time with the experimental observations for the case of using
motor oil as test liquid in the absence of fiber swelling........cccccccocvvveicieinnencene.
A comparison of theoretical predictions for the cases of non-swelling and
swelling fibers using the constant and variable K models, respectively.............
A comparison of the theoretical prediction of liquid-front location as a
function of time with the experimental observations for the case of using
diluted corn-syrup as test liquid which is accompanied by fiber swelling..........
Wicking distance vs. time for n-Octane. (0) 0% CMC; (o) 10% CMC; (0)
20% CMC; (A) 30% CMOC [T]eeiriiieeieienieiieieteerecie ettt e

Wicking distance vs. time for water. (0) 0% CMC; (o) 10% CMC; (0) 20%
CMUC; (A) 30% CMUC [7]oveverveareeienierreciteierieseesieieeiaeae e see et este e eneesieeseessansens
A schematic of the wicking setup and 2-D mesh used in numerical simulation.
The permeabilities of the first and second parts at time ¢ = ¢, along with the
average permeability of the system at time £ = fo...ceeveeiiiecieicienniiceecieeeeee,

The experimental data and numerical prediction for 0% CMC.................c........

The experimental data and numerical prediction for 10% CMC........................

The experimental data and numerical prediction for 20% CMC........................

The experimental data and numerical prediction for 30% CMC...........cccoen..

A schematic of particles and void areas in the cross-section of a porous
59 TSTe E13 o) D RO U UU TR U USRS
A schematic showing a spherical representative elementary volume (REV),

the solid particles, the fluid region, and the unit normal vector 72, (which is on

the fluid-solid interface and is directed from the fluid phase to the solid

phase) in a Porous MEdIUML.......c..eiiiiiiieiiii et

XX

202
203

204

205

206

207

214

215
217

222
225
226
227
228

238



F-1 A schematic of cleaning a surface by a flat wipe at a small angle of attack.......

F-2 Predicted pressure distribution for a wipe using Eqn (F-19)

T

xx1



No.

1.1
2.1

2.2

23
3.1

4.1

4.2

4.3

5.1

52

53

6.1

6.2

6.3

LIST OF TABLES

Description

Some practical situations where imbibition is important............c.cccceceevcerennn.

Characteristics of the test wicks (R oo Ry T and K are presented with the 95%

confidence interval range [32])......ccveveereeieriniere e

Equations for the height of liquid front#, as predicted by different models.....

Properties of the test liquids [29, 30, and 31]...cccooiiiiiiii e
Properties of the test wicks (R, and R, are presented with the 95%

confidence interval ranges [10])....c.oovveerieriieniiiiiieee et
Values of the dimensions shown in Fig 1b for all the five wicks studied in this
paper. (Fig. 8 provides an easy visualization of the geometries B, C, D and E.)
Characteristics of the wicks and the liquid used in our validation experiments
The wick was made from polypropylene while the liquid was hexadecane.......

Exact and relative time for liquid front to reach height of 0.07m in different

Properties of the test Quids.........cooiioiiiiiiiiiii e
Characteristics of the wipes (the £ shows 95% confidence interval range [6]).
Contact angles of the wipe-liquid systems (with the 95% confidence interval
TATIZE [0])--reeermreeee ittt sttt e rae s
The characteristics of test liquid (distilled water) and the values of R,and a
measured by Schuchardt [21]........coviiviiiiiiiieeiee e
Different suggested relations for ¢('¢, ) for porous media consisting of
packed particles, where c is an arbitrary constant that depends on the structure
OF POTOUS MEAIA. ...t ettt sreeas

Different suggested relations for ¢(¢, ) for porous media consisting of

packed fibers, where ¢ is an arbitrary constant that depends on the structure of

xxi1

33

63

103

115

116

123

150

155

156



6.4

6.5

9.1
9.2
93

POTOUS MEAIA...c.etevviiiriiieiiiiireie ettt s et s

The final forms of permeability relations (obtained using ¢( &, Jand Eq

(6.30)) for porous media consisting of packed particles.......cc.cccovvviviierecriennnns 157
The final forms of permeability relations (obtained using ¢(¢, )and Eq

(6.30)) for porous media consisting of packed fibers.........c.cccceveriiviinicinennne 158
The properties of test HQuids [S].......coveeveriieiiinieneeii e 219
The wicking parameters of test specimen estimated from Figure 9.1 plots........ 220
The estimated equations for permeability change in the first part (assumed to

be identical to the permeability of each wetted element) when water was used

as the Wicking QUIQ.........cveeieiiiiieiece e 224

Xx1il



NOMENCLATURE

Roman Letters

A Area [m?], also coefficient matrix
a A constant ratio related to the rate of decreasing pore radius [//s]
b Absorption coefficient (proportional to liquid absorption into matrix) [1/s]]
C Perimeter
D Diameter [m]
E Energy
F Force [N], also coefficient matrix
f Friction coefficient, also filling factor, also parameter related to each element
g Acceleration due to gravity [m/s’]
G A set of defined function
h Height [m]
H Head [m], also total length of porous media [m]
K Permeability [mz]
L Length [m]
[ Length [m]
Mass kg], also number of fibers per unit area
M Number of solid particles

MC Material constant

=

Number of particles or voids, also element shape function
Unit vector, also number of pores per unit area

Modified pressure ( P = p+ pgh) [Pa]

Liquid pressure [Pa]

A flow related quantity

Volume flow rate [m?/s]

Radius [m]

Radius [m]

R S T T e VI

~

Re Reynolds number

XXiv



s Surface area [m’]

S Sink term in the modified continuity equation [1/s]

t Time [s]

u x component of velocity [m/s]

\ Darcy velocity [m/s]

V Velocity vector [m/s]

Vol Volume [m’]

Work [J]

w weight function

X x coordinate

y y coordinate
Greek Letters

7 Contact angle [degree]

4 Surface tension [N/m]

U Viscosity of liquid [kg/m.s]

I Ratio of volume to surface area [m], surface area of control volume [m2]

€ Porosity

n A parameter in Bruschke and Advanis' permeability model
T Tortuosity

Density of the liquid [kg/m’]

¢ Probability density function

& A coordinate axis

A Significant length scale, also a parameter
Subscripts

a Inertia [Eq (1)]

atm Atmosphere

b Bead

c Capillary

cs Cross-section

XXV



ds

nw

nsw

rs

AN

sat

sp

sSw

vs

ws

wk

Dry surface

Effective

Fluid or pore areas in porous media
Fiber

Corresponding to fluid-solid interface
Gravity

Hydraulic

Corresponding to the solid particle or void space 1
Interface surface of dry and wet matrix
Corresponding to the solid particle or void space j
Kinetic, also element number

Liquid front

Liquid

Loss

Mechanical

Non-wetting

Non-swelling parameter

Pore

Reservoir

Suction, also correspond to solid phase
Steady State

Saturated

Spherical particles

Total

Swelling parameter

Void space

Viscosity

Wet surface

Wetting, also wipe

Wick

Initial value

XXVi



Ji An index

2 An index
3 An index
Superscripts
f fluid or pore areas in porous media
e related to an element
t n"™ time step

n

14

Dummy variable

Other Symbols
9 volume-averaged quantity
Of pore-averaged quantity

XXVil



ACKNOWLEDGMENTS

| would like to express my deepest gratitude to my advisor, Dr. Krishna
Pillai, for his continuous guidance, care, patience, support, and providing me with
an excellent atmosphere for doing research. | believe, | was truly fortune to have
such an exceptional teacher and scientist as my mentor and advisor in my Ph.D.
study. His high standards on research and teaching and his commitment towards
students made it a privilege to work with him. In addition, | express my sincere
gratitude to Dr. Padma Varansi for providing me with financial support during the
first year of my study at UWM.

| sincerely appreciate my dissertation committee members: Prof. Tien-
Chien Jen, Prof. Ryoichi Amano, Dr. Andrei Skliarov, and Dr. Padma Varanasi
for their support, patient, insights and suggestions. | am also grateful for their
time and efforts in evaluating this research work. | would like to thank Dr.
Marjorie Piechowski for her help in editing my papers and also this thesis.

| would like to thank my good friends, Hua Tan, Ehsan M Languri, and
Saman Beyhaghi who were always willing to help and give their best
suggestions. Many thanks to Andrew Vechart, Mike Verhagen, Grover Bennett,
Russell Moore, and other undergraduate students worked in the Laboratory for
Flow and Transport Studies in Porous Media for helping me in the experimenté.
My research would not have been possible without their helps.

| would also like to thank my parents, my sisters, brothers, and in-law
family, especially my father in-law. They were always supporting me and
encouraging me with their best wishes.

Above all, | would like to thank my wife, Fatemeh Sadry. She was always
there cheering me up and stood by me through the good times and bad. This
success was not possible without her support and strength during several years
of my study. | also thank my sweet son, Milad, who is a constant source of pride,

joy, and solace.

XXViil



Chapter 1

INTRODUCTION

1.1 Imbibition

Imbibition is defined as the displacement of one fluid by another
immiscible and more viscose viscous fluid in a porous medium [1]. If this
phenomenon happens as a result of the capillary suction pressure, it called
wicking or absorption [2]. It may also happen as a result of an external pressure
[3]. Examples of wicking applications pertain to liquid absorbing materials, such
as wipes, diapers, and commercial wicks [4]. An example of imbibition due to an
external pressure is the Liquid Composite Molding (LCM) process for making
polymer composites, in which the liquid resin is forced to fill the inter-fiber gaps in
a fiber preform [5-7].

In this chapter, some practical scenarios, where the imbibition plays a role,
are listed in Table 1.1. Next, the general mathematical theories used in the
modeling of the imbibition of liquids are presented. Finally some special cases in

detail are presented in the following chapters.

1.2 Mathematical Modeling of Imbibition

The liquid flow through porous media is a very complicated phenomenon.
As the flow takes place at the level of the pores, it is often not possible to predict
flow in each and every pore of a porous medium. In order to predict the fluid flow

in a reasonably sized domain of a porous medium, one has to resort to the



volume averaging approach [26], which means that the averaged velocity or
other physical quantities (averaged over a small volume) are used to describe

the flow and transport.

Table 1.1 Some practical situations where imbibition is important

Application Description
Oil recovery Displacement of oil by another immiscible liquid [8, 9]
Polymer composites Invasion of voids in a preform by a resin [5-7]
Textiles Interaction of liquids and garments [10]
Hydrology Moving groundwater from wet to dry areas of the soil [11]
Absorption Removing liquids from a surface [12-15]
Printing process Ink penetration into paper or coating a paper [16-18]
Food Wine filtering [19]
Plants Transport of water and minerals in plants [20, 21]
Air fresheners Dispensing air fresheners into the air [2, 22, 23]
Insect repellents Dispensing insect repellents into the air [2, 23,24]
Surface chemistry Contact angle measurement [25]

The flow of liquid during imbibitions can be treated with two different
approaches. One approach is to treat the flow of air and the displacing liquid as a
two-phase flow where the volume-averaged flow equations for the two phases is
written separately using the generalized form of Darcy’s law' and the separate
continuity equation for the two flowing phases [27,28]. In this approach, the
saturation (defined as the percentage of the pore volume occupied by the flowing
liquid) usually changes gradually from 100% in the liquid-saturated region to 0%
in the completely dry region. There is another approach where the displacement

of air by the liquid is seen to be characterized by the presence of a clear liquid-air

! Darcy's law is an empirical formula published in 1856 by Henry Darcy based on the results of
his experiments on the flow of water through beds of sand [28].
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Figure 1.1 Two of the imbibition phenomena showing sharp liquid-fronts



interface (see Figure 1.1). In other words, a clear demarcation exists between the
wetted and the dry portions of the porous medium, and such a situation is
marked by a sudden drop in saturation from 100% to 0% at the interface. In such
a case, the flow of liquid in the wetted portion of the porous medium can be
modeled as a single-phase flow through porous media. The flow physics is
characterized by the Darcy’s law for momentum balance and the sihgle-phase
continuity equation. It is this latter type of flow that we will be modeling in the
present work.

There are two theories to model the single-phase flow in porous media:
the Darcy's law based approach [28] and the Washburn equation [29, 30]. The
former a relatively new approach that has been developed fully in the present
work; the latter, though based on an out-dated capillary model for liquid flows in
porous media, has been the model of choice for researchers investigating

wicking and liquid absorption.

1.2.1 The Darcy’s Law Based Approach
The single-phase flow of a Newtonian liquid in an isotropic and rigid
porous medium is governed by Darcy’s law and the following form of the

continuity equation:

Darcy’s Law: VY= —EWP)-" (1.1)
u

Continuity Equation: V- Fy=0 (1.2)



Here (V) and (P)/are volume-averaged liquid velocity and pore-averaged
modified pressure, respectively, and K is the permeability of the porous medium.
The variables (/)and (P)”are obtained after integrating the point-wise liquid
velocity and pressure in an averaging volume several times bigger than the
particles of a porous medium [28][31].

Using the terminology of the well-known volume averaging method used
for deriving the volume-averaged flow and transport equations in porous media
[26], the volume average (also called the phase average) and the pore average

(also called the intrinsic phase average) for any quantity g, in a porous medium

are defined, respectively, as

1

<qf>=_V0—l

f, g,dVol (1.3)
Vo/

(qf)f = fqv/.dVol (1.4)

Vol,
where ¢, is integrated over an averaging volume (Vol) called the representative

elementary volume or REV?,

1.2.2 Washburn Equation

In the Washburn equation, also called the Lucas-Washburn equation, the
porous medium is assumed to consist of a bundle of parallel capillary tubes of
constant radii. The flow through the capillary-tube bundle is considered to be

equivalent to the porous-medium flow. This model uses a one-dimensional flow

?REV is typically much bigger than the solid constituents (particles or fibers) in a porous medium.



as its basis since the flow can just move along the axis of the assumed capillary
tubes. For such an idealized porous medium, the Hagen-Poiseuille law [32] for
laminar flow through pipes can be employed to find the equation of motion for the
porous-medium flow. The Hagen-Poiseduille law states that the volumetric flow-

rate is proportional to the pressure drop along the tube length, i.e.,

ap = SHQ (1.5)

4
7R

where Q is the volume flow-rate, R; is the tube radius, u is the fluid viscosity, L is
the length of the wetted tube, and AP is the net driving pressure (pressure drop
across L). If the only driving pressure is the capillary pressure, then

_ 2ycos@
R

<

4p (1.6)

where vy is the surface tension of liquid and 8 is the contact angle. Note that the
volume flow-rate in a tube can be expressed in terms of the rate of change of the
wetted length of the tube as

dL
= 7R’ 1.7
Q=R — (1.7)

Upon replacing AP and Q in Eq (1.5) using Egs (1.6) and (1.7), we have the

following equation for the length of the wetted region as a function of time:

- /M, [1.8]
2p

This equation is commonly known as the Washburn equation [29, 30] and is used

quite frequently in wicking applications [4].



1.3 Capillary Pressure

As mentioned before, the imbibition of liquid into porous media is often
modeled as a fully saturated flow behind a clearly-defined fluid front. In such a

moving-boundary problem, the driving force, which comes from the capillary

Non-wetting fluid —

Wetting fluid —

Figure 1.2 Meniscus (or liquid front) in a capillary tube

suction-pressure, pulls the liquid-front during such an imbibition. In fluid statics,
the capillary pressure is the difference in pressure across the interface between
two immiscible fluids, and thus is defined as

P. =D, ~ D, (1.9)
where pp, is the pressure in a non-wetting fluid and p, is the pressure in a
wetting fluid. Consider the capillary tube shown in Figure 1.2; the force balance
over the liquid front leads to

p.. 7R =p 7R’ +ycosO(2nR, ) (1.10)



where R is the radius of the capillary tube. Combining Eqgs (1.9) and (1.10) leads
to the following relation, the famous Young-Laplace equation®, for the capillary
pressure in tubes:

_ 2ycosf
b, = R

(9

(1.11)

1.4 Swelling Effects

Most of the natural fiber materials (such as cellulose) undergo swelling
when a wetting liquid such as water comes in contact with the fibers. It is
generally accepted that the crystallinity of such material plays a major role in the
swelling process. The amount of water retained by swollen fibers varies from 6%
to 100% of dry weight of fibers. This retained water changes the capillary pore-
radius, the porosity, and the permeability of porous media made from natural
fibers [35].

Swelling starts with the wetting of fibers and ends when the fibers reach
an equilibrium state. So it is a time-related process that causes the above-
mentioned parameters of the porous medium to vary in each location once the
flow-front passes through that location. In the other words, the porosity, capillary
pore-radius, and permeability are functions of time and spatial location within the

porous media as a result of swelling. Since the parameters of the porous media

3 The Young—Laplace equation is named after Thomas Young, who developed the qualitative
theory of surface tension in 1805 [33], and Pierre-Simon Laplace, who published the
mathematical description later [34]. It might also be called the Young-Laplace—Gauss equation,
as Gauss unified the work of Young and Laplace, by deriving the governing differential equation
and boundary conditions using Bernoulli's principles [34).



change due to swelling, then the governing equations (Darcy's law, continuity
equation, and Washburn equation) should also be modified to include the
swelling effects. An attempt to modify the Washburn equation has already been
made in the literature; in this thesis, the modifications implemented in the
continuity equation to include the swelling effects in the Darcy's law based flow-

model will be presented.

1.5 Study of Special Cases

Because the imbibition is a broad area, some important cases have been
selected for a detailed study in this thesis. In each of these studied cases,
development of some new ideas, some of them already published in peer-
reviewed scientific journals or presented at international conferences, will be

described. Following are the studied topics.

1.5.1 Darcy's Law-Based Model for Wicking in Polymer Wicks

In chapter 2, wicking of liquids in polymer wicks made of sintered polymer
beads is studied experimentally where three different polymer wicks (made from
Polycarbonate, Polyethylene and Polypropylene) and three different well-
characterized liquids (Hexadecane, Decane and Dodecane) are used to plot the
mass of wicked liquid as a function of time. The experimental results are
compared with the predictions from the Washburn equation as well as a Darcy’s

law based formulation. The suction pressure needed to pull the liquid up a wick in
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the formulation is modeled using a new energy balance (E.B.) method and a
capillary method. In the former, the released surface energy during wetting is
equated to the viscous losses during liquid motion; in the latter, the suction
pressure is obtained by treating the wick pore-space as a bundle of capillary
tubes. The Darcy’s law-based formulation also considers the effect of gravity in
its predictions. The newly proposed E.B. method in conjunction with gravity yields
the most satisfying predictions. All parameters used in the proposed model were
measured independently and no fitting parameters were used. The success of
this method is especially notable for a large-pore polypropylene wick where it

was the only model to predict the final steady-state height for the liquid column.

1.5.2 A Washburn Equation Based Model for Wicking in Polymer Wicks

In chapter 3, the liquid absorption under capillary pressure, or wicking, in
cylindrical polymer wicks made of sintered polymer beads is studied
experimentally and theoretically. Three different polymer wicks (made from
Polycarbonate, Polyethylene and Polypropylene) and three different well-
characterized liquids (Hexadecane, Decane and Dodecane) are used in the
present experimental study. These experimental results are then compared with
the predictions of the capillary model. The capillary and hydraulic radii used in
the modei are found to behave like two independent wicking parameters and are
needed to be measured separately to improve the accuracy of the capillary

model in predicting wicking in the wicks. Accurate measuring of the capillary
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radius ensured good predictability of the final steady-state height in the large-

pore wicks by the capillary model.

1.5.3 FEM Modeling of Wicking in Altered Polymer Wicks

In chapter 4, liquid imbibition into polymer wicks, where a clear liquid-front
can be seen rising during the wicking process, is modeled using the concepts of
flow in porous media. The flow of liquid behind the moving liquid-front is modeled
using the physics of single-phase flow in a porous medium where Darcy’s law is
combined with the continuity equation and a capillary suction-pressure pressure
is imposed at the liquid front. A novel numerical simulation PORE-FLOW® based
on the finite element/control volume (FE/CV) method is used to model such
imbibitional flows in wicks of complex shapes. A validation of the simulation is
obtained by achieving an excellent comparison of its predictions with an
experimental result, the analytical solution, and the Washburn equation for the
case of wicking against gravity in a cylindrical wick. The simulation is also used
to predict flow in a case of three-dimensional wicking in the altered cylindrical
wicks with two different cross-sectional areas. Once again an excellent match is
obtained with the experimental resuits, while analytical solutions for the single
and double cross-section cases along with the Washburn equation fail to predict
the three dimensional wicking. Later some other types of altered wicks with sharp
changes in their cross sectional areas were analyzed numerically for their
wicking behavior. It was observed that the height of liquid front in a vertical wick

as a function of time, which is proportional to the history of liquid imbibed, is
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strongly dependent on the extent of reduction in the wick cross-section area as

well as its location vis-a-vis the wick entrance.

1.5.4 Effect of External Pressure on Wicking into Paper Wipes

In chapter 5, wicking of liquid under externally applied liquid pressure into
three paper wipes is studied. Darcy's law and capillary-flow or Washburn
equation form the basis of two separate theoretical models that were tested
through experiments. The wicking and wetting parameters of the tested wipes
were measured independently to enable such a comparison without the use of
any fitting parameters. Darcy’s model is found to work better under zero hydraulic
pressure, i.e., pure wicking; however, the capillary model is more accurate when
the incoming liquid is pressurized. An increase in the applied pressure led to an
increase in the liquid absorption rate and a decrease in the saturation time.
However, its relative effect on the absorption rate and saturation time was found

to decrease with an increase in its magnitude.

1.5.5 Darcy's Law Based Model for Wicking in Paper-Like Swelling Porous

Media

In chapter 6, the wicking of liquid into a paper-like, swelling porous
medium made from cellulose and superabsorbent fibers was modeled using
Darcy’s law. The work is built on a previous study in which the Washburn

equation, modified to account for swelling, was used to predict wicking in a
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composite of cellulose and superabsorbent fibers. .In a new wicking model
proposed here, Darcy’s law for flow in porous media is coupled with the mass
conservation equation with an added sink term to account for matrix swelling and
liquid absorption. The wicking-rate predicted by the new model compares well
with the previous experimental data, as well as the modified Washburn equation
predictions. The effectiveness of various permeability models used with the new

wicking model is also investigated.

1.5.6 A General Formula for Capillary Pressure

In chapter 7, a simple, general formula has been developed for the
capillary suction-pressure in porous media, which relates the capillary pressure
to the micro-structure of various porous media. The energy-balance principle is
applied during the wicking process to develop this expression for the capillary
pressure in a general porous-medium. The proposed formula can be applied to
both the homogeneous as well as inhomogeneous porous media. To validate the
suggested theory, six different cases of the capillary suction-pressure from the
literature are considered. It is shown that the new formula leads to an identical
expression for the capillary suction-pressure for each of the studied cases. Later,
the formula is used to derive some expressions for capillary pressure in different
porous media where the complexity of microstructure is taken into account. The
expressions for the equivalent capillary radius are derived as functions of the
significant length of microstructure in porous media and the porosity. It is

discovered that the equivalent capillary radius increases with the porosity or the
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significant length of solid particles, thereby leading to a reduction in the suction
pressure. The proposed equation can also be used to estimate the local capillary

suction-pressure using the macrographs of a porous medium.

1.5.7 Flow Modeling in Natural-Fiber Preforms Used in Liquid Composite

Molding

Natural fibers are being increasingly used as substitutes for artificial glass
and carbon fibers in polymer composites. However, not much is known about the
flow of resins and test liquids through a preform made from natural fibers. The
swelling of natural fibers, due to liquid absorption, adds a new dimension to the
conventional flow modeling in Liquid Composite Molding (LCM). Swelling of
natural fibers causes the permeability and porosity of LCM fibermats to be
variable (not constant as assumed for the artificial carbon or glass fibers) during
the mold-filling process.

Chapter 8 presents details of an experimental investigation into the flow of
liguids through a porous medium made of natural fibers. Two different test
liquids, motor oil and water-diluted corn syrup, are used to infiltrate a bed of jute
fibers. The latter liquid causes swelling in jute fibers due to the absorption of
water, while the former liquid has no similar effect on them. Analytical models to
predict 1-D, constant-pressure infiltration into a flat rectangular mold under
swelling and non-swelling conditions are compared with experiments. For the
swelling case, it is observed that the traditional constant-permeability approach

with the conventional continuity equation does not work as well as the new
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approach involving variable permeability with a modified continuity equation that

incorporates the effect of fiber swelling due to liquid absorption.

1.5.8 FEM Modeling of Flow in Paper-Like Swelling Porous Media

The wicking of water into wet-formed paper strips was studied numerically
in chapter 9. The work is built on a previous research in which wicking into four
paper stripes, consisting of cellulose fibers and four different percentages of the
powdered carboxymethyl cellulose (CMC) superabsorbent, was studied
experimehtally. Due to the swelling of cellulose fibers and CMC powder on
coming in contact with water, the wicking was accompanied by a swelling of the
matrix. PORE-FLOW®, a finite element/control volume (FE/CV) based computer
code, was used to model the wicking in such swelling porous medium. The
simulation employed an aitered form of continuity equation, which included the
effects of liquid absorption and matrix swelling, in conjunction with the Darcy's
law to model the single-phase flow behind a clearly-defined liquid front. A novel
method of estimating the time-varying permeability of the paper, based on the
absorbed liquid mass versus time plots, was proposed. Later, this time-
dependent permeability was employed in the numerical simulation to change the
permeability in finite elements behind the moving liquid-front as a function of the
time the element has been wetted by the liquid since the passage of the front.
The numerical prediction of the wicking-front location as a function of time

compared reasonably well with the previous absorbed-mass-versus-time plots.
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Chapter 2

DARCY'S LAW BASED MODEL FOR WICKING IN
POLYMER WICKS

2.1 Introduction

Wicking is the spontaneous transport of liquid into a porous medium
through capillary suction. The capillary suction force arises as a result of the
wetting of solid matrix by the invading liquid. Previous research on wicking can
be divided into three groups: Study of the relation between the wicking rate and
wicking time, study of the relation between the wicking rate and the porous
medium characteristics, and study of the wettability of a liquid in terms of the
contact angle.

The relation between wicking rate and time was studied by Lucas [1],
Washburn [2], and Poiseuille [3]. They concluded that the relation between the

wicking rate and the square root of time is linear, i.e. L=k;" in which m = 0.5

and L is wicked mass or height. Some researchers [4] tried to find the exact
value of m experimentally, where they estimated it to be between 0.46 to 0.48.

In the first few attempts to model the wicking of a liquid into a porous
medium, the porous structure was treated as a bundle of capillary tubes, and the
inertial and gravitational forces were neglected in the liquid motion modeling.
These assumptions resulted in the simple Washburn equation for predicting of

the wicking rate. Szekely et al. [5] took inertial and gravity forces into account
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and developed a differential equation for the wicking rate. Unfortunately, the
resulting equation is a non-linear, second order, ordinary differential equation that
can not be solved analytically. In the most wicking applications, the Washburn
equation is used when the inertial and gravitational energies can be neglected.

Study of the wicking rate relationship with the porous medium
characteristics, especially the fiber orientation, was also a major direction of
previous investigations. Chwastiak [6], Scher [7], and Hodgson and Berg [8]
studied the wicking rate along fibers. The wicking rate across the fibers was
studied by Fowkes [9], Williams et al. [10], and Pillai and Advani [11].

Wetting is an initial requirement for wicking. The parameter indicating
wettability is the contact angle, which is the angle between the tangent lines of
the liquid-air and solid-liquid interfaces at the solid-air-liquid contact line. The first
notable work on wetting was done by T. Young [12] and Gauss [13]. They tried to
find a mathematical equation for contact angle and concluded that the contact
angle is a function of surface energies. Dussan and Davis [14] and Dussan [15]
reviewed all previous works on the fields of dynamic and static contact angle. In
recent years, You-Lo-Hsieh [16] studied liquid wetting and analyzed its relation to
fiber morphology and chemistry. Although several researchers tried to find a
theoretical equation to predict the magnitude of contact angle, it is still a poorly
understood problem.

Wicking tests are used to evaluate the absorption efficiency and liquid
transport in the porous materials [17, 18]. It is a function of porous media, time,

and wettability (in terms of contact angle). Kissa [19] classified the important
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previous works on the wetting and wicking. Miller [20] experimentally investigated
the effect of gravity on upward wicking. Russel and Mao [21] proposed an
apparatus and a method to investigate the in-plane anisotropic liquid absorption
in nonwoven fabrics. Jeong [22] investigated the slip boundary condition on a
porous wall using Stokes approximation. Mao and Russel [23] proposed a
theoretical approach to predict the liquid absorption in homogeneous 3-D
nonwoven structures. They also [24] presented a theoretical analysis of fluid flow
in a 2-D nonwoven structure by using Darcy’s law. Lockington and Parlange [25]
presented a new approach to predict water absorption in porous materials based
on sorptivity. Gane et al. [26] numerically and experimentally studied the
absorption rate and volume dependency on the complexity of porous networks.

As one can see, a majority of the above mentioned research works is
about fibrous materials or textiles where ways of predicting the liquid absorption
or wicking into the materials by using the Darcy’'s law was attempted. The .
research focused on defining the porous media characteristics, such as the
permeability, or the solid-liquid interaction (dynamic contact angle) in order to use
the Darcy’s law.

Nowadays, commercial wicks, made by sintering polymer beads, are used
by consumer product companies to dispense volatile substances such as room
fresheners or insect repellents into the air. For these polymer wicks, which have
several important commercial applications, no significant research on their
wicking characteristics has been reported. In this chapter, we used the Darcy's

law to predict the liquid absorption in such wicks. A new expression for the
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suction pressure in polymer wicks was developed, which in conjunction with the
Darcy’s law compares very well with the experimental results and is found to be
superior to the conventional modeling approaches such as the Washburn

equation.

2.2 Mathematical Theory

We studied the wicking of liquid through a few available commercial wicks in
order to investigate the efficiency of the wicking models. In this regard, we used

the following approaches.

2.2.1 Washburn equation

The modified Washburn equation can be used to predict the rise of the liquid

front 4, as a function of time ¢, for our wicking tests it can be expressed as

; :(Rhycos(e))%\/; (2.1)

where R, is hydraulic radius, y is the surface energy or surface tension of the
liquid, € is the contact angle, u is the viscosity of liquid, andz is the tortuosity of

the porous wick obtained from

L
= (5?2 2.2
7=(7) (2.2)

where L, is the length of the shortest fluid path through pores between two

different points in the wick; L is the length of a straight line path between these

two points (see Figure 2.1)
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We used the definition of hydraulic radius as the ratio of the fluid volume

filled in pores to the wetted surface area of pores to find the hydraulic radius R, as

2
o SRk (2.3)
2N#nR ph

where R, is wick radius, R, is mean pore radius, h is height of the liquid within

the wick, ¢ is porosity, and N is number of longitudinal capillaries passing

through the wick.

a) Section along the wick axis b) Section across the wick axis

Figure 2.1. A typical micrograph of wick C (PP) and the visual description of a
method used for measuring tortuosity (z = (L, / L)*).

We also have the following equation for pores which is obtained by equating the
pore volume in the wick with the total volume of the cylindrical tubes inside the
wick:

N7R’h =R} h (2.4)

After using Eq. (2.4) in Eq. (2.3) we have

R
R, =— (2.5)
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Applying the Eq. (2.5) result in Eq. (2.1) gives the final form of Washburn
equation as

h, = (M)%ﬁ (2.6)
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Figure 2.2. A photo and schematic of the real setup developed using DCA for the
wicking and contact angle tests.
2.2.2 Darcy’s Law based Wicking Formulation
The modified pressure P is defined in such a way so as to include the
effects of gravity induced liquid motion in a porous medium and is combined with
the pore averaged hydrodynamic pressure p as
P=p+pgh (2.7)
where h is the height of a point within a fully saturated (or fully wetted) porous
medium. We would now model the motion of a liquid within a porous polymer
wick as shown in Figure. 2.2 The upward wicking of liquid in the vertical wick is
characterized by a clearly defined and upwardly mobile liquid front. It is common
to assume that the wick below the rising front is fully wet, i.e. all the pore spaces

in the porous wick are occupied by the liquid after it has displaced air. As a
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result, motion of liquid behind the rising front in the wet wick is governed by Egs.
(1.1) and (1.2). For the one dimensional (1-D) fluid motion described in Figure

2.2, the Darcy’s law and continuity equation reduce to

y-_Kab (2.8)
M dh
and
dav
ar _ 29
dh 0 (2.9)

The pressure distribution in the wetted wick is given by

d*pP
= 2.10
=0 (2.10)

which is obtained by combining Egs. (2.8) and (2.9), and noting that K and x are

constants. Integration of Eq. (2.10) results into a general solution of the form

P(h)=Ah+ B where the constants A and B are evaluated using the boundary

conditions
pP=D,, at h = (2.11a)

and

p:palm—ps at h:h/ (211b)

that are in terms of the pore averaged hydrodynamic pressure p. Note that p, is

the suction pressure created at the liquid front due to the capillary action. Egs.

(2.11a) and (2.11b) can be transformed in terms of the modified pressure P as

P=p,, a h =0 (2.12a)
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P=(p,,—p)*+pgh, at h=h, (2.12b)

Use of the boundary conditions (2.12a) and (2.12b) with the general solution of

Eq. (2.10) results into the following expression for the modified pressure:

h
P(1) = Do +pgh—pr (2.13)
1

Note that this solution is valid for 0<Z<h, (¢) where the front height 7, is a

dh,
function of time. An expression for #, can be derived by relating front speed 71’

with the Darcy velocity [Eq. (2.8)] at front#, as

dh, V(h=h) K dP

e (2.14)
dt £ gu dh
which through the use of Eq.(2.13) results in
hy _K 2 2.15
dt _gy(hf P8 (215

After separation of variables and integration with the initial value of,(t=0)=0,
we have

P

L ouh, <LK, @18
$ ¥

p, In

which is an implicit equation for the liquid-front height #,in the wick. We can

neglect the effect of gravity for wicking in smaller samples. After neglecting the

gravity term, integration of Eq. (2.15) gives us

hf=/2§zgt (2.17)
oy
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The rise of a liquid in a wick leads to rise in the mass of the wick. The plot of the
wicked liquid mass versus time has been used to study and characterize wicking
in the past. So note that the mass of fluid absorbed by the wick can be related to

h, through
m=gpn R h, (2.18)
On studying Egs. (2.16) and (2.17) for &, one notes that suction pressure p, is

an important parameter for predicting the evolution of £, with time. We will now

present two different ways of estimating the suction pressure p, .

2.2.2.1 Capillary Model

Here the porous wick is assumed to be a bundle of vertically aligned capillary
tubes, and the suction pressure is considered to be the capillary pressure. Based
on the Young-Laplace equation, Eq. (1.11), the capillary pressure in a cylindrical
tube is given by

_ 2y cos(6) (2.19)
¢ R

P

Replacing of suction pressure in Eq. (2.16) with capillary pressure (i.e. p, = p,)

leads to

2 2

p gk
u

P,
D. —pgh,

p.In - pgh, = t (2.20)

We obtain the final form of the liquid-front height (or the liquid-column height) in
the wick for the case of neglecting the gravity effects after using the capillary

pressure in a cylindrical tube, Eq. (2.19), as the suction pressure in Eq. (2.17):
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h = /ﬂ:;i@lﬁ (2.21)
B,

2.2.2.2. Energy Balance Model

Here in order to find an alternative expression for the suction pressure, we
apply the energy balance principle to wicking. The amount of energy needed to
raise the liquid in the wick is equal to the sum of the viscous energy dissipated by
the fluid, the energy spent on accelerating the fluid from zero to the wicking
speed, and the energy needed to overcome the gravity. The inertial energy can
be neglected in these kinds of experiments as speed of the liquid is very small.
We neglect the gravity effects at this stage as well, though we include it
elsewhere through the Darcy’s law and the modified pressure [Egs. (2.8) and
(2.9)]. So we balanced the reduction of free surface energy when a liquid moves
within a wick with the viscose dissipation energy. As the liquid moves through a
porous medium, it reduces the dry solid-air interface area and thus increases the

wetted solid-liquid interface area. If y . stands for the surface energy of the dry
surface (or the solid-air interface), and y _ stands for surface energy of the

wetted surface areas (or the solid-liquid interface), then energy balance leads to
(Vi =V )dA=—dW, (2.22)
in which dA is the interfacial area and w_ is viscous work done by the flow of the

liguid. According to Young’s equation [12], the relation between the contact angle

and surface energy is given by
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cos@ = Yo =V (2.23)
Y

Based on Eq. (2.23), the term ¢y, -y, )in Eq. (2.22) can be replaced by ycosé.

So we have

—dW,_ =ycos6dA (2.24)

Based on our initial investigation of pore structure by study the wick micrographs
(Figure 2.1), we proposed that the porous wick be composed of spherical beads.

The number of beads with radii between r and (r+dr) is given by dM(r) = M@(r)dr
where M is the total number of the beads in the wick and ¢ is the probability

density function. Hence the total volume of beads is
=4 3 4 © 3
Vol, = J.O E?[l‘ dM(r)=—3—7rMM3 where M, = L rig(r)dr (2.25)

If Vol is the total volume of the wick, then the wick porosity can be estimated as

Vol, _ 4xMM |
Vol ~ 34_L

[ 4

g=1

(2.26)

Similarly dA, the increase in the wetted surface area within the cylindrical wick as
the liquid moves up bydh,, is given by

dh,
L) =4m MM, (

whk

dh,
L

dA = ‘[:47rrsz(r)( ) where M,= Iowr2¢(r)dr (2.27)

wk
On replacing M in Eq. (2.27) with its equivalent expression from Eq. (2.26), we

get

dd=34_(1- g)%dh/ (2.28)
‘ "
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which allows the change in the wet interface area to be expressed in terms of the
change in the liquid-column height. Substitution of dA from Eq. (2.29) into Eq.

(2.24) gives the final form for the increment in dissipation energy as

_ 34,(1-g)ycos(6) dh, (2.29)

dWV\' =
: R,

. . . . M .
where effective radius R, is defined as R, :VS' The mechanical work needed
2

to move the fluid by dh, is dw, = F,dh where F is the pulling force that ‘pulls’ the

liquid front through the pores of the wick. As per the definition of suction

pressure, this pulling force should be equal to p,.c.4,, . As a result

aw, =e.p, A, dh, (2.30)
According to the energy balance principle, the total energy of system after
moving the front liquid into the wick should be equal to its initial value which was
zero. So the summation of the left sides of Egs. (2.29) and (2.30) should be zero,

i.e.dW _+dW_ =0, which results in an expression for suction pressure as

p. = 3(1 - &)y cos(8) (2.31)
&R

(3

Note that if all beads have the same radius of R,in a simplified ideal case, then
R, =R, and we have

. = 3(1 - 8)]/ COS(G) (232)
&R,

We have made the following two assumptions in obtaining Eq (2.31):
1. Inertial energy is negligible.

2. Wicks are made up of spherical beads.
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We have also made the assumption of neglecting gravity effects, but since the
gravity can be included through Darcy’s law, it is not listed above. Comparison of
Eq (2.31) with Eq (2.19) gives the relation between the suction and capillary

pressures as

3 =<§>( 2y ey, (2.33)
&

R
R‘,‘

Table 2.1 Characteristics of the test wicks (R »» R,,7and K are presented with the
95% confidence interval range [32]).

Type of wicks A B C
Material PC PE PP
Length of wick L [m] 0.076 0.075 0.075
Wick radius R, [m] 0.0036 0.0036 0.0036
Pore radius Rp[lum] 29.8+7.1 36.7+2.5 88.4+44
Porosity ¢ 0.49 0.41 0.4
Average bead radius 859199 133.1+£19.9 376.4+30.1
R, [pm]

Effective bead radius 97.9 164 .1 428.5
R, [pm]

Tortuosity 2.38+0.72 22210381 1.58£0.07
Permeability K [m*2] | (5.46+2.3)e—11 | (6.84+1.16)e—11 | (3.9%0.4)e—10

Here the capillary pressure p_, which acts solely inside the hypothetical capillary
tubes, is moderated by a function of porosity e (with 0<¢ <1), mean pore size R,

and effective bead radius R, . For our assumption of spherical shape for beads, it
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turns out that R,) R (Table 2.1), and hence p, (p, . It is important to mention that

if we assume the wicks to be a bundle of vertically aligned capillary tubes, we
can still derive the expression for capillary pressure given in Eq (2.19) using the

same approach as used for obtaining Eq (2.31). Substitution of p, from Eq.

(2.31) into Eqgs. (2.16) and (2.17) allows us to derive expressions for liquid height

h, for the polymer wicks. The resulting equations, along with the corresponding

equations are summarized in Table 2.2

Table 2.2 Equations for the height of liquid front%, as predicted by different

models.
Name of Model Equation
Washburn Equation hf Z(RPZ:SS(Q))%‘/;
y7]

illary Model
Capillary Mode h, = /4K7005(9)\/;
EUR,

Capillary Model with A - ngth o= 2y cos(8)
gravity " \p.—pehy T e ‘ R,
Energy Balance (E.B.) \ :\FK(l—a)ycos(B)J;
Model ! &* UR,
E.B. Model with gravity - p. - :ngth b _ 301 - &)y cos(9)
“lpo-pgh| T e " eR,

2.3. Experimental Procedure

In order to study the wicking process through the commercial polymer

wicks experimentally, some parameters about the wicks, the liquids, or the
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interaction between wicks and liquids should be found carefully. These

parameters are: wick porosity (¢ ), wick permeability (K), mean pore radius (R, ),
mean bead radius (R,), liquid surface tension (), and dynamic contact angle

(9). The experimental techniques and results obtained for the testing materials
are described briefly in this section.

Different bead sizes in the wicks lead to different permeability and pore
sizes in them. These kinds of wicks, made by sintering polymer beads, are often
used for delivering active liquids such as fragrances and insecticides from a
reservoir to ambient air or other regions of interest. The most important polymers
used for making wicks are Polycarbonate (PC), Polyethylene (PE),
Polypropylene (PP), and Ethylene Vinyl Acetate. Among these, the first three are
the most commonly used and are hence chosen for this study. We also used
three different well-characterized alkane hydrocarbon liquids in the forms of
Hexadecane (HDEC), Decane (DEC) and Dodecane (DDEC) to see how
variations in the liquid characteristics affect the wicking results. Alkane
hydrocarbons are often the main solvents used for making insecticides/insect
repellents by the consumer product companies; such solutions are released to
the atmosphere through polymer wicks. Another reason for choosing the above
alkane hydrocarbons as our test liquids was their low surface energies in
comparison to the surface energies of chosen polymers, which cause their
imbibition into the wicks to be spontaneous. (Due to the low surface energy of the
polymers, these tests can not be done with liquids of high surface energy such as

water. PC, PE and PP wicks are known to be hydrophobic as their contact angle
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with water is greater than 90°.) The characteristics of the liquids and wicks used
in our experiments are presented in Tables (2.1) and (2.3).

We used a Dynamic Contact-angle Analyzer (DCA) equipped with a
sensitive balance with the accuracy of 0.0001 gram to measure the absorbed
mass in the wicks. The DCA has the capability of recording the weight of the
wicks versus time; so with its special software we were enable to measure the
wicking rates as well as the surface tension of the liquids and contact angles.

The details of the experiments are described in the next few subsections.

Table 2.3 Properties of the test liquids [29, 30, and 31].

Type of liquid Hexadecane | Decane | Dodecane

(HDEC) (DEC) (DDEC)
Density [ Kg/m’ ] 773 730 750
Viscosity [mPa.s] 3.34 0.92 1.43
Surface tension 27.47 23.83 25.35
[mJ]m®]

2.3.1 Porosity (¢ )

In this experiment, we used Gravimetric Test Method to find the mean
porosity of wicks which is based on measuring the wicking rate. A DCA was used
to accurately record the mass as a function of time and the amount of liquid
absorbed by the wicks is plotted against time. This curve has a positive slope but
this slope decreases with time and reaches zero at full saturation. Since all pores
of the wetted wick are filled with the liquid at the final saturation stage, the mean

porosity () of the cylindrical wick can be determined by the equation
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£ =;;R’f_h_ (2.34)
w'hf 58

Note that #, =L, if the liquid traverses the complete wick length.

1 s

Fig. 2.3. A photo and schematic of the Falling Head Permeameter used for
measuring the permeability and mean pore radius of the polymer wicks.
2.3.2 Permeability (K)

Falling Head Permeameter (FHP) is a simple and effective technique for
measuring the permeability of porous materials such as wicks [28]. A photo and a
schematic of our testing setup are presented in Figure 2.3. A syringe is filled with
a hydrocarbon liquid of known density and viscosity, and the wick is attached to
the output end of the syringe. The setup is held vertically to enable the gravity
force the liquid down the wick. The permeability of the wick is measured by
measuring the liquid flow-rate in terms of the speed with which the liquid level
goes down in the syringe. Later a formula derived from Darcy’s law is used to
calculate the permeability of the wick. This technique does not use a high applied

pressure and so does not lead to wick compaction (and hence to an alteration in
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the distribution of the porosity and pore size in the wick), so it is suitable for
quantifying the pore size and permeability of the wicks, especially for
compressible wicks which could deform under high pressure. In order to get
accurate results from this test, it was ensured that the test liquid did not flow over
the sides of the wick by covering the wick surface with scotch tape completely.

Analysis presented here to estimate fhe permeability is almost identical to
the derivation presented in Section 2.2.2 for wicking. However there is an
important difference between the two: the current analysis is for the fully
saturated flow in the wick, whereas the earlier analysis is for the flow behind a
rising front which is assumed to be fully saturated. As shown in Figure 2.3, a
liquid-column of depth x in the syringe applies the hydrostatic pressure at the
bottom to force the liquid through the wick of length L,,. Darcy’s law applied to the
saturated wick is

yo_KaP (2.35)

M odg
where & is an upwardly oriented coordinate axis for the wick (Figure 2.3). This

2

P=0

2

combined with the equation of continuity %Z—=O yields

where P = p + pg& . Therefore pressure distribution inside the wick is to be given

by P(&)= A& + B where A and B are determined from the boundary conditions |
P=p,, a =0 (2.36a)
P=p,. g al £=L, (2.36b)

This results in
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P(&E)= ’L’gx E+ P (2.37)

wk
as the pressure distribution inside the wick. Use of this equation in the Darcy’s

law (Eq. 2.25) yields

yo_ K pgx (2.38)
“ L,

The flow rate in the wick is related to the magnitude of wicking velocity |V|

through the relation

O=¢lV|zR;, (2.39)
Through the mass conservation principle, the flow rate is also related to the rate

of depletion of liquid in the burette as

Q= —-dirrR,i (2.40)
dt

where x is the height of the liquid. By multiplying Eq (2.38) by ¢zr? and using it
with Egs (2.39) and (2.40), the following equation is derived

ix_ — KpgRul\ x (241)
dt UL R?

On separating the variables and integrating it, we get

n(Xe) < KPR (2.42)
MLR,

The initial condition of x = x, at r =0 was applied in the integration. In a plot of

|n(x_0)versus time, the slope of the trend line is equal toK&?}_. Since all the
X

wo s

other parameters in the ‘slope’ equation are known, the permeability K can be

found. Each test was repeated four times to make sure that the slope of the line
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had a repeatable value. The trend line and its slope for wick A (PC) is presented

in Figure 2.4; and the test results are given in Table 2.1

0.1 ]\ Time [s]

T T T T T 1

Ly,
A=

1000 2000 3000 4000 5000 6000

o
N
I

In(x/x0)

-0.7 4 y=-1.456E-04x + 1.253E-02

Fig. 2.4. The experimental plot used for estimating the permeability in wick A
(PC)

2.3.3 Mean Pore Radius of Wicks (R, )

The mean pore size of the wick, to be used with the capillary model, can be
estimated by the same device that is used for measuring the permeability. We
once again assume the wick to consist of parallel capillary tubes. By applying the

Hagen-Poiseuille law, the flow rate Q through the wick can be described by

:NﬂpgR,’,(x+ka) (243)
8uL,,

After substituting Eq. (2.40) into Eq. (2.43), and integrating with the initial

condition of x = x, atr =0, the following equation is derived
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o X, NOER, (2.44)
xO + ka 8Rs2/’thA

Since N is the number of capillary tubes passing through the wick, so

N = FRu (2.45)

7R
Substitution of Eq. (2.45) into Eq. (2.44) leads to

Xy +ka )_ ERij;pg

_ (2.46)
x+L,  8uL R’

In(

So by measuring the height of the fluid level, x, at various times and plotting

ln(_’ﬁJ"L_wk yversus time, the slope of the trend line can be measured and pore

x,+L,
radius R, can be computed from Eq. (2.46). The measured pore radii for the three

testing wicks are listed in Table 2.1.

2.3.4 Surface Tension and Contact Angle

The standard Wilhelmy plate method was used in a DCA to measure the surface
tension of the three test liquids. DCA was also used to measure the dynamic
contact angles of the wicks and liquids system. This new approach is based on
the Washburn theory. According to Egs. (2.1) and (2.18), the absorbed liquid

mass into the pores of the wick obeys the relationship

m=gprR’, (&gj%@)%ﬁ (2.47)

Raising both sides to the power of two results in

m? :MszchS(e)t (248)
M
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Where MC, the material constant, is equal to

22 p+
en°R R,

MC = ;
27

(2.49)

The experiments were performed and the mass of the absorbed liquid was
measured versus time. The setup shown in Figure 2.2 was used to estimate the
contact angles through this Washburn-theory based approach. A plot of m’
versus f was used to find the slope of the best fitted line; this slope in turn was
used to find the constant MC and contact angle for the testing wick. First, the
experiments were performed with a liquid in which the contact angle is close
zero, so that we could use the slope of the best fitted line to estimate MC. For
this reason we used N-hexane, a liquid with a very low surface tension. It was
then possible to perform the same experiments with the three test liquids, and
estimate the contact angle for liquids and the wick through the use of Eq. (2.48).

This newly proposed method is valid when MC can be assumed to remain
constant for a given wick from one experiment to the next. According to Eq.
(2.44), the material constant MC is a geometry based term that is a function of

the macro-geometric parameters (such asR,) and the micro-geometric
parameters (such as ¢, R, and r). Because MC was assumed to be constant,

we ensured that each wick sample has the same size, shape and pore
orientation during these experiments.

Incidentally, the measured contact angles were found to be zero for all
combinations of the considered testing liquids and wicks. This was to be

expected since the surface energy of wicks was much higher than liquids.
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2.3.5 Tortuosity ()

The micrographs of the wicks were used to estimate the tortuosity of the
porous medium. Figure 2.1 shows two microscopic cross-sections of the wick C
(PP) along and across its length, and shows our method to measure the
tortuosity. Three pairs of points across the wick and another three pairs along the
wick were considered to measure the mean tortuosity for each wick. The
measured tortuosities, listed in Table 2.1, enabled us to use the modified
Washburn equation, Eq. (2.6).

(Incidentally if we consider an idealized spherical geometry for polymer beads

that constitute the wicks, the ratio of L% will be equal to % for a path wrapped

around an individual bead, as it is the ratio of half of the circular section perimeter
to its diameter. The resultant tortuosity r obtained from Eq. 2.2 is 2.47, which is

of the same order-of-magnitude as the values listed in Table 2.1)

2.3. 6 Effective Bead Radius (R,)

The micrographs of the wicks were also used to measure the bead sizes
distribution and to observe the range of variations in bead shapes for different
wicks (Figures 2.1 and 2.5). The frequency distribution of the measured bead
radii was presented in the form of a histogram for all the three wicks. (The
histogram for wick C (PP) is shown in Figure 2.6.) As described under Eq. (2.29),

the effective radius should be estimated as



4]

_ M, _ [ g(ryar
M, j:r2¢(r)dr

(2.50)

e

Since discrete frequencies are plotted in the histogram, so the corresponding

discrete prubability density function for each bead radius R, can be determined
by

frequency corresponding to R,
T

#(R, )= (2.51)

where T is the sum of all frequencies. The discrete form of Eq. (2.50) is

R, .max

2 R, #(R,)
R — R, .min (252)

¢ R, .max

> RH(R,)

£, .min

where the effective radius R. can be obtained after using the ¢ estimated

through Eq. (2.52). The measured effective and mean bead radii for the

considered wicks are presented in Table 2.1.

a) Wick A b) Wick B

Figure 2.5 Micrographs of wicks A (PC) and B (PE) showing the shape and
size variations in the individual beads
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Figure 2.6 Frequency distribution corresponding to bead radius for wick C (PP)

2.4 Results and Discussion
To predict the absorbed mass into the wicks, we used the following five
models and compared their predictions with the experimental resuits.
Nomenclatures corresponding to the five models, details of which are listed in
Table 1, are as follows:
1. The modified Washburn model, Eq. (2.6), would be named “Washburn
Model”.
2. The capillary model without the gravity effect would be named “Capillary
Model”.
3. The capillary model including the gravity effect would be named “Capillary
Model with gravity”.

4. The energy balance mode! without the gravity effect would be named

“E.B. Model".
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5. The energy balance model including the gravity effect would be named

“E.B. Model with gravity”.

As we mentioned before, we used three different polymer wicks with three
different mean pore and effective bead radii. In the wicks A (PC) and B (PE) the
pore radii are small enough such that the suction pressure can saturate all the
length of the wick (lengths 0.074 m) after touching the liquid from one end of the
wick. In the wick C (PP), the pore size is very large such that the suction
pressure is not strong enough to saturate the wick completely. In this case, the
liquid rises to a height that is less than the wick length and the downward pull
due to gravity is equal to the upward pull of the suction pressure at this stage; the
absorption stops at this point. It was noticed that around this stationary point, a
little below and above this front position, the wick saturation was not complete or
100%. Over a certain length, the saturation was visually observed to gradually
decrease from 100% before the front to 0% at slightly ahead of the front. Since
all the above mentioned models are based on the assumption of complete
saturation behind the front liquid, the presence of partial saturation near the front
may contribute to some extent to the observed differences between the model
predictions and the experimental observations.

We did a scatter-estimation test on the wick C (PP) to estimate the
repeatability of the test results. Figure 2.7 shows the results of scatter-estimation
tests on wick C (PP) with HDEC; the measured 95% confidences intervals [32]
are shown with the help of scatter bars. (This interval is a range of the measured

quantity in which the measured value is expected to fall 95% of the times.) The
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smallness of these bars means that our experiments were very repeatable. We
are confident that all experiments listed in this paper show similar repeatability
patterns. One reason for this excellent repeatability could be the extremely
consistent pore structure of the commercial polymer wicks chosen for this

experiment.
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Figure 2.7 Scattering test on wick C (PP) with HDEC, scatter bars show
confidence interval of 95%.

Similarly tests to measure various properties (Table 2.1) were often
conducted multiple times to obtain more than one measured values. The scatter
in the property values thus obtained was quantified through the use of the 95%

confidence interval [32].
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Note that the micrographs of the wicks were used to get a visual
estimation for porosity and mean pore size to corroborate what we measured
using the tests described in sections 2.3.1 and 2.3.3. The porosity was measured
by dividing‘the pore area within an arbitrary rectangle by the total rectangle area.
A typical pore size was estimated from the radius of the largest circle that can be
fitted between the polymer beads. The porosity and mean pore size estimated
through the two different methods were found to be quite close. As described in
previous sections, the micrographs also were used to measure the tortuosity and

bead sizes.

2.4.1 Wicking Tests and Comparison with the Predictions of Various
Models

The results of wicking tests and the predictions for wick A (PC) are shown in
Figure 2.8 As per the plots, the “E.B. Model with gravity” performs better than the
other models. As the time increases, all predictions diverge away from the
experimental results. Comparing of parts a, b and ¢ of Figure 2.8 indicates that
as the viscoéity of the test liquid reduces [Table 2.3], the difference between the
“E.B. Model with gravity” prediction and the experimental results also reduces. It
is also to be noted that the liquid mass absorbed by wick A (PC) is the highest for
the least viscous liquid, DEC.

Figure 2.9 shows the test results and predictions for Wick B (PE). Again the
“E.B. Model with gravity” performs better than the capillary models; surprisingly,

predictions of the “Washburn Model” are perhaps equally good. The former,
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Figure 2.8 Mass absorption rate in wick A (PC) with three different liquids.
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Figure 2.9 Mass absorption rate in wick B (PE) with three different liquids.



48

though inaccurate in the beginning of the wicking process, becomes more
accurate with time. The latter, though more accurate in the beginning,
progressively looses its accuracy with time. It is clear that the predictions of the
capillary model, even after including the gravity effect, do not compare well with
the experimental observations.

Figure 2.10 shows the predictions of various models and experimental
observations for the wick C (PP). As described before, due to its large pore size,
this wick could not be completely saturated along all of its length as the suction
pressure at liquid front is not strong enough to raise the liquids to the top of the
wick. Due to this effect, this is a good wick to test the predictions for the
maximum absorbed mass under steady state condition. As shown in the figures,
none of the models, except the newly proposed “E.B. Model with gravity” can
predict the maximum mass absorbed in the wick. Since the absorbed mass in a
wick is proportional to the height to which a liquid rises, the final steady-state
height reached by the three liquids in this PP wick is only predicted by the “E.B.
Model with gravity.” This heartening observation establishes that it might be the
most accurate of all the models considered in this study.

(Incidentally our Darcy based approach allows us to compute steady-state

height’ as &, =p /pg for E.B. model with gravity, and h,  =p,/pg for
capillary model with gravity. As is clear from Eq. 2.33, p,(p. and hence 4, for

the E.B. model is smaller than that for the capillary model. The steady-state mass

in wick C (Figure 10) that is thus

*The steady state fluid-column height in a wick is obtained by noting that dhy/dt in Eqn. 17 is
equal to zero at the final state.
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obtained from &, can be shown to be very close to the large-time asymptotic

value predicted by the E.B. model with gravity.)

A possible reason for the difference between the experimental results and
the predictions of newly proposed E.B. model with gravity is the deviation of bead
shapes from assumed spherical shape. Most beads in wick B have non-spherical
irregular shapes, and that perhaps explains the difference between the
experimental results and theoretical predictions of the E.B. model with gravity in
Figure 2.9 A strong agreement of the model with experiment for wick C (Figure
2.10) may have something to do with the almost spherical shape of its beads
shown in Figure 2.1 |

As the only difference between the E.B. and capillary models is in the
expression for the suction pressure, so this prediction indicates that the newly
proposed suction-pressure expression works better than one applied with the
conventional models for such polymer wicks. The reason could be the inclusion

of porositye, effective bead radiusR,, and mean pore radius R, the three

additional parameters related to the microstructural attributes of the wick, in the
definition of the suction pressure in the E.B. models (Eq. 2.33). We anticipate
that adding of more parameters related to wick microstructure, such as the bead
shape distribution, in the suction-pressure expression will probably improve the
prediction even more.

From the study of Figures 2.8, 2.9 and 2.10, it is clear that both the E.B. as
well as the capillary models have a tendency to grossly over-predict the mass

absorption rate. However they improve their predictions after inclusion of the
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gravity effects. So gravity can not be neglected for our system of 7.5 cm long PC,
PE, PP wicks and the alkane hydrocarbon liquids HDEC, DEC, and DDEC.

From the present experimental study, it is also clear that the capillary
models are perhaps the worst of all the models considered, and an explanation
of the failure of these models is in order here. In the polymer wicks made of small
beads with irregular shapes and sizes, the capillary tube assumption of having a
bundle of aligned fixed-diameter tubes is clearly not satisfied—the size and
shape of the pores vary along any flow direction, and might even be different
along and across the wick (Figure 2.1). Moreover numerous interconnections
exist between the pores. So the capillary model can perhaps be improved if the
effect of the shape and size variations in pores along with the inter-pore

interconnections is somehow included in the definition of the suction pressure.

2.5 Summary and Conclusion

We use the Darcy’s law to model the absorption of a liquid into a wick made
from sintering polymer beads. A new expression for suction pressure at the liquid
front inside the wick is formulated based on the balance of surface energy and
viscous dissipation energy; such an expression is found to depend on both the
mean bead size and the porosity of the wick. Another expression for suction
pressure, which treats the porous wick as a bundle of capillary tubes, is also
formulated. These two different expressions for the suction pressure, when
implemented with the Darcy’s law based formulation, lead to two different flow

models: one the energy balance or E.B. model, and the other the capillary model.
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Two further variants of these models were considered after incorporating the
effect of gravity.

As a case study of these wicking models, a set of tests using three different
polymer wicks [Polycarbonate (PC), Polyethylene (PE) and Polypropylene (PP)]
and three different hydrocarbon liquids [Hexadecane (HDEC), Decane (DEC)
and Dodecane (DDEC)] were conducted. In these tests, the mass absorbed
through wicking is plotted as a function of time while all parameters used in the
proposed model were measured accurately and no fitting parameters were used.
The traditional Washburn’s equation was also employed to predict the mass gain
during wicking. Of all the different models used, the newly proposed E.B. method
in conjunction with gravity yields the most satisfying predictions. The success of
this method is especially notable for a large-pore PP wick where it was the only
model to predict the final steady-state height of the liquid column.

This work is characterized with several novel features. The main original
contribution is in the development of a new expression for suction pressure in
polymer wicks based on the energy balance principle. The other important
contribution is in the form of some new techniques that have been used to
estimate the property parameters in the wicking models. For example,
measurement of the wick permeability with the falling head permeameter is a
novelty to the science of wicking. Similarly the use of wick micrographs to
estimate parameters such as the porosity, the tortuosity, and the effective bead
radius (through the use of histogram of bead size distribution), is new to the field

of wicking studies. We have also proposed a new method to estimate the contact
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angle of wicking liquids inside the wicks. As a result of the independent
estimation of various model parameters, the proposed E.B. model with gravity
model predicts the experimental results rather well without the use of any fitting

parameters.
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Chapter 3

ROLE OF HYDRAULIC AND CAPILLARY RADII IN
IMPROVING THE EFFECTIVENESS OF CAPILLARY
MODEL IN WICKING

3.1 Introduction

Pore size and permeability are two very important parameters that are
needed in the modeling of liquid transport into the porous media. Several
methods have been developed by researcheré to measure these two
parameters. Maejima [1] used the centrifugal force to pressure a liquid into a
porous media and thus measured its mean pore radius. Miller and Tyomkin [2]
introduced liquid extrusion method for determining the pore volume distribution.
Van Oss et al [3] used the low energy liquids, such as alkanes, to measure the
contact angle and pore size of porous media.

Li et al. [4] used wicking techniques for measuring the pore size in ceramic
materials where they used low energy liquids to ensure zero contact angle. After
knowing the pore radius, they used the same technique to measure the contact
angle as well. Bachmann et al [5] developed two new methods for measuring the
contact angle and particle surface energy in porous media. Mercury porosimetry
[6] is a standard method of pore size characteristic determination where the
mercury is made to penetrate into a porous medium under pressure. As the

surface energy of mercury is very high and contact angle for most cases is more
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than 90 degrees, a high pressure-gradient is needed to drive it into the porous
medium. Due to a high imposed pressure, mercury porosimetry is not appropriate
for compressible materials as it leads to their deformation. The only method that
does not impose high pressure in pore size measurement is the capillary rise
method; Dang-vu and Hupka [7] used this method to measure the contact angle
and pore size in porous media. A comprehensive review of experimental
techniques for measuring the wetting and wicking parameters was conducted by
Ghali et al [8].

The capillary model, which treats the porous media as a bundle of capillary
tubes and of which the famous Washburn equation is a derivative, needs to rely
on the average radius of the tubes as an important parameter. This radius is
often quantified either as the capillary radius or the hydraulic radius. However
while using the capillary model to predict wicking in porous materials, no previous
researcher has made a distinction between the capillary and hydraulic radii. In
this chapter, we experimentally study wicking while measuring the capillary and
hydraulic radii separately. Later these measured wicking parameters are used to
predict the wicking rate in certain commercial wicks made from polymers. These
porous wicks, made by sintering polymer beads, are usually used by consumer
product companies to dispense volatile substances such as room fresheners or
insect repellents into room air. For such polymer wicks, not many studies on their
wicking characteristics have been reported. In this chapter, we use the capillary

model to predict the liquid absorption rate into these polymer wicks. it has shown
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that the hydraulic and capillary radii are independent and must be measured

separately to improve the predictions of the capillary model.

3.2 Theory of Wicking

As described in the literature survey, there are essentially two different
models for the prediction of wicking in porous media: one is the capillary model
which is based on Washburn equation and treats pores as capillary tubes, and
the other model is based on using the Darcy’s law to predict liquid motion. The
two approaches have been used by the authors to predict wicking in polymer
wicks and are described chapter 2. Here since we investigate the effect of
treating the capillary and hydraulic radii as independent parameters in the former,

we will describe it in some detail for the benefit of the reader.
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Figure 3.1 A schematic of the test setup and liquid front position in the wick
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3.2.1 Capillary Model

A brief derivation of the capillary model is presented here to highlights the
roles the hydraulic and capillary radii. (In this chapter, please note that the terms
capillary radius stand for the average radius of the capillary tubes constituting the
porous medium, while the hydraulic radius stand for the average hydraulic radius
of the same tubes.) We assume our porous medium, i.e. the polymer wick, to be
equivalent to a bundle of vertically aligned capillary tubes.

The energy balance equation for liquid traveling in the imagined wetted
capillary tubes of the porous wick behind the moving front (Figure 3.1) can be

expressed as

2 2
. U,

oy Yo vp =200 Y ipovd, (3.1)

g 2g g 28

where h is the vertical coordinate, p is the pressure, u is the average velocity of
fluid within a capillary tube, and H, is the head loss. Subscript 0 indicates the
initial reference value of each variable and subscript f indicates the value of the
variable at the liquid front. As shown in Figure 3.1, £, is the height of the liquid
front within the wick. Since the velocity inside the capillary tubes during wicking is
very small and 4, is taken to be zero, the terms involving them can be neglected,
and Eq (3.1) reduces to

Po— Py = pgh, +pgH, (3.2)
The initial gage pressure p, is zero and the front pressure p,, which drives the

liquid column up in the tubes during the wicking, is the capillary suction pressure
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applied at the top of the liquid column with a -ve sign (p, =~p, ). The capillary

pressure for a tube can be obtained through the Young-Laplace equation as

_ 2ycos(9)
‘ R

¢

(3.3)

To estimate H,in Eq (3.2), we assume the flow to be laminar in the capillary

tubes; so it can be estimated through the Darcy-Weisbach relation as

H, =f-1- (3.4)

As the flow is laminar, sof=6%{e where Re =p”fD%. Use of this relation in

Eq (3.4) results in

o= 32u/.,uhf B 32,uh_/ dh_,
L pgth B pgD,f dt

(3.5)

where the average velocity in the capillary tube is related to the rate of the liquid

column rise through u, = dh, /dt . Using Egs (3.3) and (3.5) in Eq (3.2) gives the

final form of governing equation as

4ycos(@) _32uh, dn,
D D} dt

¢

+ pgh, (3.6)

If we neglect the gravity effects, last term vanishes, and an integration leads to

the well-known Washburn equation:

B, = /VDe :28(0) ; (3.7)

Here D,, the effective pore radius, is obtained through
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D, =— (3.8)

In general cases, where the gravity is included, Eq (3.6) can be used to derive a

relation between the location of liquid front/, and time t. After the separation of
variables and the subsequent integration of Eq (3.6) along with the application of

the initial condition 7, (1 = 0) = 0, we obtain

2 _2p2
47 cos(6) lnl 4rcos(d) | n L8 R} (3.9)
D, ‘47/ cos(0) — pgh D, : 8u

which is an implicit equation for the liquid-front height 4, in the wick. To use this
equation we need to have a relation between the capillary and hydraulic radii
R (=D,/2)yand R,(=D,/2), respectively. We used the regular definition of
hydraulic radius as the ratio of the fluid volume inside the capillary tubes to the

wetted surface area of the tubes to formulate the expression forr, as

2
ek, h,

R = (3.10)
2N7R I,

where R is wick radius, R, is pore radius,¢ is porosity, and N is number of

longitudinal capillaries passing through the wick. We also have the following
equation for pores which is obtained by equating the pore volume in the wick with
the total volume of the cylindrical tubes inside the wick:

NnR’h, =¢enR h, (3.11)

After using Eq. (3.11) in Eq. (3.10) we have

R, =2 (3.12)
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it is customary to assumeR, =R _, so the relation between the capillary and

p ]
hydraulic radii is

R =2R, (3.13)

Egs (3.12) and (3.13) are commonly used in the wicking applications; we will see

the accuracy of these equations later.

3.2.2 Darcy Model
Darcy law based model for wicking modeling in commercial polymer wicks is

described in detail in Chapter 2 (Section 2.2.2).

3.2.3 Improving the Capillary Model Through the Capillary and Hydraulic
Radii

We are going to increase the accuracy of Eq (3.9) by making a distinction
between the capillary and hydraulic radii. We suspect the accuracy of Eq. (3.13),
and so we plan to measure each radius separately, instead of the customary
method of measuring one of them and then using Eq (3.13) to estimate the other.
This distinction can be considered to modify the capillary model, which, as we

shall see later, leads to a better prediction of wicking rate in the polymer wicks.

3.3 Experimental Measurements
T'o study the wicking phenomenon through the commercial polymer wicks
experimentally, some properties of the wicks, of the liquids, and of the interaction

between wicks and liquids, should be measured carefully. These properties are
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wick porosity (¢ ), hydraulic radius (R, ), capillary radius (R.), liquid surface
tension (), and dynamic contact angle (8). The experimental techniques for all

of the testing materials are described in chapter 2; only the technique for

measuring the capillary radius (R.) will be explained here. The measured

properties of the liquids and wicks used in our experiments are presented in

Tables 2.3 and 3.1.

3.3.1 Measuring the capillary radius (R_)
The capillary radius will be measured when the upward pulling suction force

is balanced by the downward force of gravity in a wick. A study of Eq (3.6)

indicates that as 4, increases, the dh-% decreases, and a steady state height

h is attained when dhf/dt is zero. This is the condition in which the capillary

pressure balances the gravity ‘pressure’, and Eq (3.6) yields an expression for
the capillary radius as

_ 2ycos(0)
pghy

R

4

(3.14)

In my tests, we had to be sure that the steady state height 4 is less than

the length of the wick so we had to choose a particular ‘liquid + porous medium’
system to attain this criterion. According to Eq (3.14), the steady-state height is
directly proportional to the liquid surface tension and cosine of the contact angle,
but is inversely proportional to the liquid density. This relation enabled us to

select appropriate liquid for a given porous wick. The wicks B and C were tested
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using Hexadecane while Wick A was tested using a mixture of distilled water and

Windex®. The capillary radii computed using Eq (3.14) are listed in Table 3.1.

Table 3.1 Properties of the test wicks (R, and R, are presented with the 95%
confidence interval ranges [10]).

Name of wicks A B C
Material PC PE PP
Length of wick L [m] 0.076 0.073 0.075
Wick radius R, [m] 0.0036 0.0035 0.0036
Porosity ¢ 0.49 0.5 0.4
Hydraulic radius R, [um] 29.8+7.1 54.5+45 88.4t44
Capillary radius R, [ zm] 65.1£9.3 150.1+£7.9 200.0+11.4

3.3.2. Wicking tests

A set of wicking tests using three different polymer wicks [Polycarbonate (PC),
Polyethylene (PE) and Polypropylene (PP)] and three different hydrocarbon
liquids [Hexadecane (HDEC), Decane (DEC) and Dodecane (DDEC)] were
conducted. The details of the experimental setup used for wicking test are
described in chapter 2. We have used the experimental results from this cited
paper for wicks A and C; we have replaced wick B it with another wick of the
same material but with larger bead or pore sizes to enable us to study the
theoretical predictions near the steady-state height’,, . So we have used three
different polymer wicks with three different mean pore radii. In the wick A (PC),

the pore radii are small enough such that the suction pressure can saturate all

the length of the wick (L= 0.074 m) after touching the liquid from one end of the
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wick. In the wicks B (PE) and C (PP), the pore sizes are very large such that the
suction pressure is not strong enough to saturate the wick completely. In these
cases the liquid rises to a height that is less than the wick length and the
downward pulling force due to gravity is equal to the upward pull of the suction

pressure. The wick stops absorbing liquid at this point, and », asymptotically

approaches the steady-state height 7 .

Figure 3.7 shows the results of scatter-estimation tests conducted on wick
C (PP) with the liquid HDEC to estimate the repeatability of our test results. The
measured 95% confidences intervals are shown with the help of the scatter bars.
(This interval is a range of the measured quantity in which the measured value is
expected to fall 95% of the times.) The smallness of these bars indicates that
these experiments were very repeatable. We are confident that all experiments
listed in this paper show similar repeatability patterns. One reason for this
excellent repeatability is the extremely consistent pore structure of the
commercial polymer wicks chosen for this experiment. Similarly the tests
measuring various properties (Table 3.1) were often conducted multiple times to
obtain more than one measured values. The scatter in the property values thus

obtained was quantified through the use of the 95% confidence interval [10].

3.4 Results and Discussions
We have used three different capillary ‘models’, that are described below, to
theoretically predict the absorbed liquid mass into the wicks as a function of time,

and later compare their predictions with the experimental results. In these three
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models, first Eq (3.9) was used as the mathematical relation to predict the liquid-

front position », as a function of time, and then the following equation was used

to estimate the absorbed liquid mass as a function of time:
m = gpnR, h, (3.15)
Nomenclatures corresponding to the applied theoretical models are as follows:

1. “Capillary Model (measured Rh)": Measure the hydraulic radius R, first, and
then use Eq (3.13) to estimate the capillary radius R, .

2. “Capillary Model (measured Rc)”: Measure the capillary radius R, first, and
then use Eq (3.13) to estimate the hydraulic radius R, .

3. “Capillary Model (measured Rc and Rh)": Measure both the capillary radius

R, and the hydraulic radius R, independently.

Results of the wicking tests and the predictions of the three models for wick A
(PC) with three different liquids are shown in Figures 3.2a to 3.2c. The plots
indicate that the “Capillary Model (measured Rc and Rh)” performs better than
other two models for all three cases. As the time increases, all predictions
diverge away from the experimental

results but still the ‘measured Rc and Rh’ model behaves better than the other
two. Comparing of parts a, b and ¢ of Figure 3.2 indicates that as the viscosity of

the test liquid reduces [Table (1) tpse > Uopee > Hose 1, the difference between

the ‘measured Rc and Rh’ model predictions and the experimental results also
reduces. It is also to be noted that at any given time, the liquid mass absorbed by

wick A (PC) is the highest for the least viscous liquid DEC.
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Figure 3.2 Mass absorption plots using wick A (PC) with the three liquids.
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Figure 3.3 shows the test results and predictions for Wick B (PE). Once
again the ‘measured Rc and Rh’ model performs better than other models. As
was described earlier, this wick could not be completely saturated along all of its
length because, due to its large pore-size (and consequently large R.), the
suction pressure at liquid front (given by Eq. (3.3)) is not large enough to raise
the liquid front to the top of the wick. Due to this effect, this is a good wick to test
the predictions for the maximum absorbed mass under steady state condition. As
shown in the figures, the ‘'measured Rc’ and ‘measured Rc and Rh’ models do
well toward the end and can predict the steady state mass quite accurately. We
feel that this accuracy in prediction is related to the accuracy of the measured
capillary radius value used in the models.

Figure 3.4 shows the predictions of various models and experimental
observations for the wick C (PP); here also the wick could not be saturated
completely. As shown in the figures, the ‘measured Rc and Rh’ model can once
again predict the maximum mass absorbed in the wick most accurately. Since
the absorbed mass in a wick is proportional to the height to which a liquid rises,
the final steady-state height reached by the three liquids in this wick can be
predicted quite closely by both the ‘measured Rc' and ‘measured Rc and Rh’
models. As before, their success could be related to the accuracy of the
measured capillary radius value used in the models.

Let us try to explain the success of the ‘measured Rc’ and ‘measured Rc
| and Rh’ models near the final steady-state height. The capillary radius appears in

the suction pressure or the driving force term in governing equation, Eq. (3.6),
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Figure 3.4 Mass absorption plots using wick C (PP) with the three liquids.
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while the hydraulic radius and flow velocity appear in the fluid-flow friction term. it
implies that when the wicking velocity goes to zero, such as when the flow-front
height hr approaches the steady-state height hss, the effect of hydraulic radius in
the fluid-flow friction term of Eq. (3.6) is negligible (and hence its accuracy is
unimportant) while the accuracy of the capillary radius in the dominant suction
pressure term is significant always; this is why both the ‘measured Rc’ and
‘measured Rc and Rh'’ type capillary models behave well near the steady state
height. However accuracy of both the radii are expected to be important in the
wicking process when the wicking rate is significant and the steady-state is not
being approached, perhaps explaining the similar reasonably good performance
of both the ‘measured Rc' and ‘measured Rh'’ type capillary models in Figure 3.2.
A possible reason for the difference between the experimental results and
the predictions of theoretical models before reaching the final steady-state is the
lack of interconnections between assumed capillary tubes in the capillary model.
As a result, interconnections between pores in a porous medium are not reflected
in the assumed structure of parallel capillary tubes of the capillary models.
Another reason for this difference is that both the radii are perhaps not constant
in the irregular pores of the wick, but they are considered as constants in the
capillary model. We content that if the interconnections and variations in
capillary-tube size could be somehow included in the capillary model, its
accuracy would improve, especially with the approach of measuring both the

capillary and hydraulic radii.
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3.5 Summary and Conclusion

We used the capillary model to predict the absorption of liquids into wicks
made from sintering polymer beads. . Of the two radii involved (capillary and
hydraulic), it is customary to measure just one and use it to estimate the other;
however we have shown that this is not the best approach for modeling liquid
absorption in polymer wicks. It has been demonstrated here clearly that both the
capillary and hydraulic radii should be measured independently for maximizing
the accuracy of the capillary model.

A set of tests using three different polymer wicks [Polycarbonate (PC),
Polyethylene (PE) and Polypropylene (PP)] and three different hydrocarbon
liquids [Hexadecane (HDEC), Decane (DEC) and Dodecane (DDEC)] were
conducted. In these tests, the mass absorbed through wicking is plotted as a
function of time for each wick and the corresponding liquid. Based on how the
capillary and hydraulic radii are estimated, three different cases of the capillary
mode! were considered for prediction: 1) using the measured hydraulic radius
and deriving the capillary radius from it, 2) using the measured capillary radius
and deriving the hydraulic radius from it, and 3) measuring both the capillary and
hydraulic radii independently. All other parameters used in the capillary model
were measured accurately and no fitting parameters were used. Among the
different models used here, the third case of the capillary model yielded the most
satisfying predictions overall, while both the second and third cases of the

capillary model were good in predicting the final mass absorbed by the large pore



72

PP and PE wicks at steady-state when the suction force is balanced by the

gravity force
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Chapter 4

DARCY'S LAW BASED NUMERICAL SIMULATION FOR
MODELING 3-D LIQUID ABSORPTION INTO WICKS

4.1 Introduction

In the previous chapter, we showed a method to improve the predictions
of liquid absorption in the polymer wicks using the capillary model: the hydraulic
and capillary radii were shown to be independent and were to be measured
separately to improve the predictions. In general, the Washburn Equation has
been studied extensively through experiments by several researchers, where the
suggested equation was shown to be valid for most liquid absorbing materials [1].
An excellent review of the most important previous work on wetting and wicking
has been conducted by Kissa [2]. Some more recent reviews of literature on
wicking phenomenon are available in references [3] and [4].

Though the Washburn equation is an important relation that has been
widely used for modeling absorption and wicking into porous substrates [1], it is
important to reflect on its limitations. One of its chief drawbacks is that since it is
based on the model of Hagen—Poiseuille flow through a bundie of aligned and
parallel capillary tubes, it can predict only one-dimensional imbibitional flows
along the direction of capillary tubes. It can not, due to the unidirectional nature
of its flow model, predict the two-dimensional flows in wicks of complicated

shapes. Moreover, the use of the Washburn equation implies that the
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complicated flow paths of liquids in a real porous medium are replaced by
straight and hypothetical flow paths through cylindrical tubes. Hence this model
will always have a parameter, such as the hydraulic radius, which due to its origin
in the pipe-flow physics, is physically irrelevant and is often used as a fitting
parameter.

The flow physics based on the Darcy’s law is quite well established in the
porous media literature where it is regularly used to model flow in porous media
[5-7]. Though relatively new in the field of wicking-flow modeling, the application
of Darcy's law for modeling wicking flow in various types of porous media has
been done in the recent past. Masoodi et al. [8] used Darcy’s law based models
for predicting liquid absorption in the polymer wicks where a clear liquid-front is
discernible with only liquid flow behind the front, and the suction pressure at the
liquid front is the primary flow driver. Similarly, Pillai and Advani [9] had used a
similar approach to model flow across a bank of parallel fibers.

Sometimes a clearly marked liquid-front can not be discerned in porous
wicks during wicking and there is a gradual change (over a finite distance) in
saturation from 1 to 0 at the front°. For such situations, the unsaturated flow
model has been employed to model changes in saturation during the liquid
imbibition process [10-12]. A heat-equation like equation called the Richard’s
equation has been employed to model the time-dependent, diffusion-like
migration of saturation during wicking. Since the Richard’s equation can be

derived from the generalized Darcy’s law employed to model the simultaneous

> Saturation is defined as the fraction of pore volume of the porous medium occupied by the
invading liquid. As a result, the saturation takes a value between zero and unity.
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flow of two different fluids through a porous medium [5], such an approach for
modeling liquid imbibition in wicks can still be called a Darcy’s law based
approach. Incidentally, the Richard’s equation approach has been quite
successful in modeling moisture distributions in soils above a water table [5-7].
However, the approach has its difficuities as complex experiments need to be
used to measure important parameters such as the relative permeability and
capillary pressure so that the moisture diffusion coefficient can be estimated. In
the absence of an easy estimation of the coefficient, very often an exponential or
power-law form of the moisture diffusion coefficient is assumed while applying
this approach [13].

In general, the use of the Darcy’s law based flow-models not only raises
the scientific level of a wicking flow-model and enables one to draw upon the vast
research done in the area of porous-media flow and transport, but also makes it
possible to predict two-dimensional wicking flows in porous wicks of complex
shapes. In this chapter, we are going to model two-dimensional liquid flow in
polymer wicks of complex shapes using the Darcy’s law based approach
employing the single-phase flow assumption behind a clearly defined liquid-front.
PORE-FLOW®, a computer program based on the finite element/control volume
(FE/CV) method to model free-surface flows in porous media [14], is employed to
solve the flow equations within the complex-shaped polymer wicks and to predict
the location of liquid front. (it is the first time tha{ such a FE/CV based flow-
modeling software is employed to solve for such two-dimensional wicking flows.)

Complex (altered) wicks are created from the ordinary cylindrical polymer wicks
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by changing their diameters for certain lengths at certain axial locations. First, the
experimental validation of our computational flow model will be undertaken for
the simple and altered wicks. Then this numerical study will estimate how
effective this technique (of altering the cross-sectional areas) is in controlling and

reducing the liquid absorption rate in wicks.

wick

e

Lw

I Lh
I Hh
-
Rw
a) b)

Figure 4.1 a) A photo of a cylindrical polymer wick. b) An altered-wick section
showing changes in its cross-sectional area as well as various associated
dimensions.

4.2 Geometry of Plain and Altered Wicks

As we can see in the Figure 4.1a, commercial polymer wicks are
cylindrical in shape and have a constant diameter along their entire length. A
typical diameter and a typical length of such wicks are 0.0072m and 0.075m,
respectively. We created an altered wick by sharply changing the wick diameter
along the wick length at several locations with the help of a milling machine.
Figure 4.1b shows planned changes in the plain wick and the names assigned to

the dimensions to be changed. Table 4.1 lists the values of these dimensions in
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the five different altered wicks considered in the present study. In the table, wick
A is a simple wick without any manipulation while wicks B, C, D, and E are

altered wicks.

Table 4.1 Values of the dimensions shown in Fig 1b for all the five wicks studied
in this paper. (Fig. 8 provides an easy visualization of the geometries B, C, D and

E.)
Wick| Lw| Rw]| Rh| Lh| Hh
[mm] | [mm] | [mm] | [mm] | [mm]

Al 75 7 0| o 0
Bl 75 7 3 5 10
C| 75 7 5 5 10
D| 75 7 3] 15 0
El 75 7 5 15 0

4.3 Theory of Wicking

During a previously reported study [8], we tested ten different polymer
wicks and discovered that six of them created a clear liquid front during the
wicking process; in the other four wicks, a capillary fingering effect caused the
liquid front to be unstable and no clear front could be discerned. In other words,
the saturation changed from one to zero over a finite distance, unlike the case of
a clear-liquid front where it jumps from one to zero over a very small distance. It
means that we can use the single-phase Darcy’s law models to study fluid flow in
about 60% of the wicks, while its two-phase version will be needed for modeling

the remaining 40%. The wicks that we have considered in this study belong to
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the first group. Therefore, the theoretical approach presented here involves the
single-phase flow inside porous wicks with a clear liquid front.
The momentum equation, also called the Darcy's law, for the flow of a

single liquid in an isotropic porous medium under isothermal conditions is

V=-22VP (4.1)
M

where 7 is volume-averaged liquid velocity and Pis the pore-averaged modified
pressure’. Here K is the permeability of the porous medium while u is the liquid
viscosity. Another governing equation for the flow of an incompressible liquid in a
solid porous medium is the macroscopic continuity or mass-balance equation:
V-V =0 (4.2)
The effect of gravity induced liguid motion in a porous medium and pore
averaged hydrodynamic pressure p are included in the modified pressure P as
P=p+ pgh (4.3)
where h is the height of a point within the fully saturated porous medium. If the
permeability and viscosity are considered to be constant, then a combination of
Eq. (4.1) with Eq. (4.2) leads to a Laplace equation for the modified pressure as
VP=0 (4.4)
After solving Eq (4.4) for P in a domain, Eq (4.1) yields the velocity distribution,

and subsequently the location of liquid front in the wick.

® The macroscopic flow description in porous media seeks to average flow quantities over the
pore-space of an averaging volume and thus create a continuum of such volume-averaged
quantities for the purposes of flow modeling. The volume-average, also referred to as the phase
average, and the pore averaged, also referred to as the intrinsic phase average, are two different
types of averages used in porous media studies [10]. The former pertains to averaging a quantity
over the whole of the averaging volume, while the latter refers to averaging over the pore space
within the averaging volume.
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4.3.1 Analytical Solution for a Single Cross-Section Wick

For now, we are going to consider the one dimensional (1-D) fluid motion
in a simple wick as shown in Figure 1a with a constant cross-sectional area.
Figure 2.2 shows the test setup consisting of the Dynamic Contact Angle
Analyzer (DCA), which is usually used for the wicking tests. The analytical
solution for the liquid motion will be presented in here—details of its derivation

presented in Chapter 2.

Py

en, 28K (4.5)
p, —pgh,

p,In

Once the location of liquid front #,is known, following equation can be used to
estimate the absorbed liquid mass as a function of time:

m = eprR.h, (4.6)
Using the energy balance model suggested earlier for polymer wicks [8], one can

estimate p as

b = 3(1 - &)y cos(d) 4.7)
ER,

where R, the effective beads radius, can be computed using the equation

o do RO R,

=t (4.8)
[ R(R,)dR,

with ¢(R,) being the probability density function for bead radius’ R,.

" The polymer wicks are made from polymer beads through a sintering process. So on studying
the wick cross-section under a microscope, one can not only estimate bead radii but also study
their distribution [13].
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4.3.2 Analytical Solution for an Altered Wick Using Darcy's Law
It turns out that the flow physics applied for developing an analytical solution for a
plain cylindrical wick in Chapter 2 can also be used to fashion an analytical
solution for wicking in an altered wick with step-like variations in its cross-
sectional area.

For a wick with a sharp change in the cross-section area, such as the wick

'D' of Table 4.1, we have two regions: region 1 with a smaller wick-radius R, up

to height %, and region 2 with larger wick-radius R,, (see Figure 4.2).

e
2 P"\,\
h=h, Fs
A
h T 1l T op

Figure 4.2 Different regions and liquid-front location in a altered wick with two
different cross-sectional areas.

Fluid flow is expected to be 1-D (one dimensional) everywhere in the
altered wicks except near the point of change in the wick cross-sectional area. If
we assume the flow to be 1-D in the entire the wick, then there will be an error in
our analytical solution due to the anticipated 3-D flow around the sharp change in
the cross-section area. However, this error is expected to decrease as the front

moves away from this point. If the difference between R  and R,, is small, then

this error is expected to be insignificant as well.
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On imposing the 1-D flow assumption in each region of Figure 4.2, the

Laplace equation for pressure, Eq (4.4), reduces to

d*pP
dh?

=0 4.9)
Solution of this equation in regions 1 and 2 can be expressed as
P, =Bh+C, (4.10a)
P, =B,h+C, (4.10b)

where subscripts 1 and 2 refer to the two wick regions. Now the four boundary

conditions needed to find four constants in Eqs (4.10a) and (4.10b) are:

P=p, ath=0 (4.11a)

P =P at h=h, (4.11b)

Py =Puy—~ D, +pgh, at h=h, (4.11¢)
Q,=0,>BR, =B,R,. at h=h, (4.11d)

The last condition is obtained from the equality of mass flux at the common
boundary of regions 1 and 2. The use of these four boundary conditions in Eqs

(4.10) yields the following expressions for the four constants.

R

B = e pgh/ — D,

, . : (4.12a)
ka/ kaz
h,—h +h —=
wk ]
Ci = Pam (4.12b)
h. —p,
B =—Bu"h (4.120)

R,
h, —h +h —%
wk |
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R 2
hf—h,.+h,7€—"§—

wk |

C,=p.,,—p,+pgh —h, (4.12d)

On using Darcy's law in association with the front velocity in region 2, we get

dh h, - p,

7;:__’2‘;% __K_ p}-‘a : (4.13)
&
H h=h, ex h/ "h/ +h/ wk,z?

wh 1

On integrating after separating the variables, and later assuming #,(¢,) = h,, we

can derive following expression for region 2.

2

R

p.-pgh(l==25)

t=t+— b -k, + i p, Py~ PE (4.14)
Kpg g P, —pPgh,

Note that we can get the equivalent relation for region 1 by imposing the

condition 4 =¢, =0 in Eq (20) and obtain an expression identical to Eq (4.5). We
can develop the following compact form for the implicit expressions for #,(¢) in

both the wick regions.

) o )
p, —pgh(l-—"%) "
t,+%— h—h, + wi P pgh" h, >h
‘= % e P~ PE% (4.15)
ELh
_ ;l ia g/uzp.\-z .p\ ,hf <h’
Kpg Kp'g™ p,—pgh,

Though we can develop a similar analytical solution for the other wick-type (wicks

B and C of Table 4.1), we will confine the development of such an analytical
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solution to the present case only. This is because we have used a wick of the
type shown in Figure 4.2 for conducting experiments and used those results for
validating our simulation. Hence the analytical solution will be useful in providing

another point of reference for our code.

4.3.3 Analytical Solution for a Simple Wick Using the Modified Capillary
Model

As mentioned in the introduction, the wicking model proposed by
Washburn remains a powerful technique used by the research community to
predict 1-D wicking in porous substrates. We intend to use it as the third
analytical solution in order to highlight its limitation for the cases where 3-D flows
are involved during wicking.

Under the Washburn’s capillary model, the considered porous medium, a
polymer wick, will be assumed to be equivalent to a bundle of vertically aligned
capillary tubes. If the gravity effect is negligible, then the capillary model yields
the well-known form of Washburn equation that predicts the location of liquid

front h,as a function of time t as

h, = 7D, cos(9) (4.16)

where D, , the effective pore diameter, is obtained through

p =2 (4.17)
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such that D, is the capillary diameter and D, is the hydraulic diameter of the

capillary tubes. (The capillary and hydraulic radii, R; and R, respectively, are half
of these diameters.)
In general cases where the gravity is not negligible, one can to derive an implicit

relation between h, and time t as

P

2 _2p2?
_pgh, =P8R, (4.18)
p. =~ Pghy

In
pc ya 8#

which can be termed as the alternate form of the Washburn equation with the
gravity effects. The capillary (suction) pressure for capillary tubes p; a
parameter in Eq. (4.18), is obtained with the help of the Laplace equation as

_ 2y cos(9)
¢ R

C

(4.19)

Since the right hand side of Eq. (4.18), a linear expression in {, is a function of

the left-hand-side expression for #,, it is very easy to estimate t for a given value

of h.

4.4 Numerical Approach

We will now describe a finite element/control volume (FE/CV) method to
solve for the two-dimensional wicking flow using the single-phase flow physics
described in Sec. 4.2 by Egs. (4.1) to (4.4). The FE/CV is a well-proven method
to model free-surface flows in porous media. One of the chief applications of the
method is in numerically simulating the transient mold-filling in the liquid

composite molding processes used for the manufacture of composite materials
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[16]. The FE/CV method will be employed here to model the transient free-

surface problem encountered during wicking in porous wicks.

4.4.1 FE/CV method

In the proposed algorithm, the transient fluid flow in the wicks involving a
moving-boundary is divided into multiple time steps. After assuming a quasi-
steady condition during each time step, Eq (4.4) is first solved for modified
pressure in the wick region that has been saturated by the moving liquid-front.
We then use the computed pressure field to estimate the velocity field using Eqgs
(4.1) and (4.2), and then use the field to find the new location of liquid front at

each time step.

~——  Actual Flow Front

 — Empty Control
Votumes (£~0)
— Pantially Filled Control
Velumes (0<&1)
Fully Filled Controt
Volumes (=1)

Figure 4.3 A schematic describing a typical finite element mesh along with the
surrounding control volumes for application with the FE/CV method to model the
motion of liquid front in the wicks.

Since the liquid front is moving, so the hybrid FE/CV method is employed

to track the flow surface. This method uses an Eulerian fixed mesh to track the

flow front, and is highly efficient computationally as it avoids frequent remeshing
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of the flow domain as opposed to a Lagragian algorithm. Eq (4.4) is first solved
in the fully saturated region behind the moving front. As shown in Figure 4.3, P
behind the moving wicking front is solved in the fixed finite element (FE) mesh.
By applying the standard Galerkin Weighted residual method to Eq (4.4) and
integrating by parts, the weak formulation of pressure governing equation is

given by

I%%%*%% xdy =  w(vn)ds (4.20)

where w is the weight function, v is the Darcy velocity, and n is the unit vector
normal to the boundary [17]. The pressure is approximated by the shape function

N and nodal pressure p as
p=) N, (x,y)pj (4.21)

where n is the number of nodes in an element. On substituting Eq (4.21) into the
weak formulation Eq (4.20) while using the relation w;= N, we obtain a set of

linear equations for one finite element as

n ~ON ON
g M Ox Ox ay ay :

Since the domain is divided into a number of elements, the assembly of Eq (4.22)

for each element results in a set of algebraic linear equations as
[a]{P} ={F} (4.23)

where the coefficient matrices are defined as
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! ON ON
K=Y, jf(aN' 1, N "dedy ff:cLNi(v.n)ds (4.24)
TS a M\ 0x ox dy Oy

ne he

A=§K; F=§f,"

The velocity normal to the boundary is zero except at the inlet, where a
non-zero value is automatically satisfied by the finite element method (often
referred to as the natural boundary condition). The capillary suction-pressure ps,
obtained from Eq (4.7), will be used for imposing the modified pressure boundary

condition at the front. The pressure boundary conditions implemented in our

model are
P=p,, ath =0 (4.25a)
aP
—=0at R=R,, for h<h, (4.25b)
" _
P=(puw—p,)+pPgh, at h=h, (4.25¢)

Note that the hydrostatic variation in liquid pressure is accounted for in the
modified pressure through the use of expression given in Eq (4.3).

The final set of linear algebraic equations corresponding to Eq (4.23) are
solved by a large parallel sparse direct solver MUMPS [18]. Later the distribution
of P behind the front is used to furnish V with the help of Darcy’s law, Eq (4.1), at
the interfaces of the control volumes (CS) defined around the node points, which
is then used to determine the flow-front velocity and to advance the front after
each time-step as follows.

We have defined a filling factor f which is used to track saturation in the

CV defined around any element j and can be expressed as



88

f, =1 for CVs behind the liquid front that are filled with the liquid (4.26a)
0< f, <1 for CVs near the liquid front that filled partially with the liquid  (4.26b)

f, =0 for CVs beyond the liquid front in the dry region (4.26¢)

Tmitialization according to the
boundary conditions

h

—a Determine the pressure

\ 4

Caleulate the velocity field

h

Deternine the time

A 4

Update the fill factors

All control
volmnes
filled =

Termunate the simulation

Fig.4.4. A flow chart describing the FE/CV algorithm

The time increment of each time step for advancing the flow front is determined

by the shortest time to completely fill one control volume expressed as
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At = min{%ﬂ} (4.27)

where Q, is the flow rate related to control volume i, and can be computed by

0, = l ~ (AT, =Y. I ~(V A)dT, (4.28)

After each time-step t,, we have to update the filling factor before going into next
time-step t,+1; the following expression is used to modify the filing factor for

each time increment:

it = £ +8Q—I}At (4.29)

i

This finite element/control volume (FEM/CV) algorithm (described usiné a flow
chart in Figure 4.4) is employed by PORE-FLOW®, a computer program
developed at University of Wisconsin-Milwaukee [19] for modeling liquid flow in
porous media. Note that the FE/CV algorithm has been employed in the past to
model wetting of fibrous porous media in liquid molding processes in polymer
composites [16, 17, 19]; however, this is the first time that this technique is
employed to model the flows‘ in polymer wicks.

Note that since the flow is essentially one-dimensional along the wick
length, except near places with sharp jumps in the cross-sectional area, a 2-D
flow simulation is enough to capture fluid flow in the axi-symmetric geometry of
the essentially cylindrical wicks. So even though a full 3-D flow simulation can be
conducted by PORE-FLOW for more complex wick geometries, a 2-D flow
simulation is sufficient in the modeling of wicking flow in the present paper. As a

result, the meshes used here are flat, two-dimensional shell meshes. However,
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a thickness is assigned to these meshes in order to conduct flow-rate
computations while doing mass flow estimation into the CVs. The thickness is
chosen in such a way that the cross-section area of the entrance of 2-D meshes
matches the wick cross-section area—such a step ensures that Darcy velocities

in the real wick and the 2-D finite element model are equal for a given flow rate.

Table 4.2 Characteristics of the wicks and the liquid used in our validation
experiments®. The wick was made from polypropylene while the liquid was

hexadecane.
Property Value Unit
Density of the liquid 773 Kg/m3
Viscosity of the liquid 0.00334 m Pa.s
Surface tension of liquid® 22.24 mJ | m’
Length of wick L, 0.076 m
Wick radius R, 0.0036 m
Wick porosity ¢ 0.4 -
Effective bead-radius R, 482 pm
Permeability K 4.84e-10 m?2
Contact angle 6 0 -

4.5 Results and Discussions

It is important to test the accuracy of our simulation. Therefore we tested
our code against experimental results as well as the analytical solutions. The

wicking experiments were conducted using a microbalance shown in Figure 4.1

¥ The experimental procedures for measuring these parameters are explained in Ref [8].
° Previously we had used a higher value for surface tension in Ref [8], which came from some
other source (Ref [29]); while here we have measured the value of surface tension directly.



91

The cylindrical wick (simple or adapted) was suspended from the balance and
made to touch the surface of a liquid; the wicking starts as soon as the contact
was made. The weight gain in the wick due to liquid imbibition is recorded by the
microbalance, and is recorded with the help of a computerized data acquisition
system hooked to the microbalance. (Details of the wicking experiment are given
in chapter 2.) The properties of the wick and liquid used in our experiments are
listed in Table 4.2.

First, the case of one-dimensional wicking in a simple wick, as analyzed in
Chapter 2, will be considered. The analytical solutions for this case are given by
the Darcy’s law approach [Eq (4.6)] and the Washburn equation [Eq (4.18)]. A
plot of the front height predicted as a function of time is given in Figure 4.5—as
we can see, the numerical prediction match very well with the analytical
solutions, which in turn match very well with the experimental results. So it is

heartening to see such a good validation of our numerical simulation.

0.035 -

0.03 -
0.025 4
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= 002 1 Pt
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=
0.015 A 5/
q&fy
0.01 4 f ------- Analytical solution
’;O Numerical prediction
¢ Experimental data
0.005 V ------ - --YWashhburn equation

) —
) ts)

Figure 4.5 A comparison of the numerical prediction with the experimental result
and analytical solution for the case of wicking in a simple wick.
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a) A comparison of the flow-front height hr versus time f plots. Scatter bars show
confidence interval of 95%.
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b) A comparison of the flow-front locations for the wick 'D' at time t = 20s.
Figure 4.6 For wicking in wick 'D’, a comparison of the numerical prediction with
the analytical solutions corresponding to the one and two different cross-sections
for wick, and the experimental result.

Now we consider a more difficult case of wicking in a cylindrical wick with
a single step-change in the diameter, i.e. wicking in wick D, for the validation of

our code. Figure 4.6 shows a comparison of the numerical prediction of the flow-

front height hr as a function of time f with the analytical 1-D solutions developed
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for one and two different cross-sections of the wick [Egs. (4.6) and (4.15),
respectively], the Washburn equation [Eq (4.18)], and the experimental data for
wick 'D'. In the plot of experimental results, the confidence interval of 95% is
shown by the scatter bars. Figure 4.6 shows that the use of the double cross-
section model as compared to the single cross-section model improves the
analytical prediction, but it is still not as good as the numerical prediction.
Similarly the limitations of the 1-D approximation based Washburn equation are
exposed in this case of the 3-D wicking flows where the equation over predict the
flow-front height. Such a good validation for the cases of wicking in the simple 1-
D flow and the altered 3-D flow wicks inspires confidence in the accuracy and
correctness of our simulation POREFLOW®.

Let us turn our attention to a parametric study done with the four different
geometries of the altered wick listed in Table 4.1 and their FEM meshes shown in
Figure 4.7 Numerical simulations for wicking were done for these four different
altered wicks with four different sharp changes in their cross sectional areas. The
results are compared with each other as well as with the predictions for the
simple wick with a constant cross-sectional area.

Figures 4.8 and 4.9 show the liquid-front movements in the wicks C and D -
as predicted by POREFLOW®. Figure 4.8 shows that after entering the notched
area, the liquid front near the boundaries is a little higher than the liquid front in
the middle. The reason for this discrepancy is that the flow that is to go in the
‘removed’ pores must be distributed into all the remains pores; however, since

the pores close to the boundaries are
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Figure 4.7 The finite element meshes generated for the wicks B, C, D, and E.
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Figure 4.9 Pattern of liquid-front movement in the wick

closest to the removed pores, so they have a higher flow-rate compared to the

pores in the middle that are far away from the removed pores. Note that this
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imbalance is corrected after a while as the flow-front becomes perfectly
horizontal once again. We see an exactly opposite effect after the passage of the
front through a constriction and into a wider cross-section. In the parts 4 and 6 of
Figure 4.8 as well as in parts 2 to 5 of Figure 4.9, we can observe a little bulging
of the front due to an enlargement in the cross-sectional area. It implies that the
pbres in the middle regions face higher flow-rates as compared to the pores in
the border regions, and hence the liquid front is a little higher in the middle after
the expansion of the wick cross-sectional area. This unbalance in the flow rate is
compensated as the front moves away from the expansion point, and the liquid
front acquires the perfectly horizontal profile during the later stages of the wicking
process.

Figure 4.10a plots the evolution of the dimensionless liquid-front height

(h,/L,) for the wick A, C, and E. Note that the slope of these plots is equal to

the speed of the liquid front. It is clear that beyond t = 1s, the liquid-front traveled
has traveled the farthest in the simple wick A. However, the speeds of their liquid
fronts are almost identical beyond = 5s; hence the curves are almost parallel
beyond this point. It is clear that reduction in the distance traveled as well as
reduction in the speed is related to 1) the reduction in the cross sectional area of
these wicks, and 2) the length over which the reduced aréa is maintained.
Though the diameter reduces by same amount in the wicks C and E, the smaller
diameter is retained for a longer length in E. If we propose that these two factors
are related to the resistance offered by a wick, then the resistance in the wick C

is less than that in the wick E. As a result, the liquid front travels farther in the
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wick C as compared to the wick E. Figure 4.10b give more details of the first two
seconds of the absorption process. Initially, the wicking speeds in A, C and E are

almost identical. This is understandable since the wicking process is purely one

1.2 ;

b, /L,

D T T T T T 1 T L)
o 2 4 6 8 10 12 14 16
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a) The comparison till the time of full saturation

0.45 -

25

tld

b) The comparison in the first two seconds

Figure 4.10 A comparison of evolution of the dimensionless and numerically
predicted liquid-front height (h¢/ Ly) in the wicks A, C, and E
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dimensional in all these wicks in the beginning, and hence variations in the cross-
sectional areas are immaterial. However, the wicking speeds up in C at around ¢
= 0.25 s when the front hits the first notch of the constriction in C. The C and E
fronts are in the constricted region till t = 0.5 s; from this point onwards, the
sectional area remains constant in these two wicks and hence we see a constant
pattern for the C and E curves. Note that at t = 0.45 sec, the liquid-front height is
about 9% higher in C compared to A.

Figure 4.11 plots the dimensioniess liquid-front positions as a function of
time for the wicks A, B and D. Since the wicks B and D are similar in shape to
the wicks C and E, respectively, we see the same patterns as in Figure 4.10.
However, the differences in terms of diameters between the altered wicks B and
D with the simple wick A are more. Once again, in comparison to the simple wick
A, the absorption speed has reduced in B and D due to a reduction in the cross-
sectional area. As before, the reduction in diameter is the same in wicks B and D,
but the length of the constriction is longer in D. According to Figure 4.11a, the
curve of D is below the curve B, which implies that the wick D offers more
resistance to wicking as compared to B. Figure 4.11b gives more detail of the
first two seconds of absorption. The front is in the notched region till t = 0.45 s;
from t = 0.45 sec onward, the sectional area remains constant for altered wicks
and hence we see a constant, almost-linear pattern for each curve. Based on
Figure 4.11b, the absorption rate in the wick D is similar to that of the wick A for
up to t = 0.5 sec, and after that it decreases. The wick B has a higher liquid-front

than the wick A from t = 0.2 sec to t = 0.75 sec. The liquid-front height in B is
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about 18% higher than in A at t = 0.39 sec, but then B's front-speed decreases

and its front height becomes 6% less than that of A after 12 sec.
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b) The comparison in the first two seconds

Figure 4.11 A comparison of evolution of the dimensionless and numerically
predicted liquid-front height (hf/ L) in the wicks A, B, and D
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Fig. 12 A comparison of evolution of the dimensionless and numerically predicted liquid-
front height (hy/ L,,) in the wicks A, B, and D
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Figure 4.12 compares the dimensionless liquid-front heights as a function
of time in all the four altered wicks. The wicks B and C have the same shape, but
B has a smaller diameter in the constricted region. Similarly, the wicks D and E
also have the same shape, but the diameter of the constricted region is smaller in
D than in E. According to Figure 4.12a, the highest wicking rate is in wick C,
while the lowest is in wick D. The time to traverse the whole length of the wick
(0.075m) is surprisingly almost identical in the wicks B and E, even though they
are completely different in terms of their shapes. According to Figure 4.12b, just
after leaving the sharp changes in the cross sectional area (i.e., around t = 0.4
sec), the highest liquid front is in the wick B while the lowest liquid front is in the
wick E.

We would like to evaluate the relative performance of the altered wicks
with respect to the simple wick in yet another way; the middle column of Table
4.3 lists the exact time needed for liquid front to reach the height of 0.07m. (Since
the length of a commercial wick is between 0.07m to 0.075m, therefore we chose
this final height for the comparison of wicking performance of different wicks.) As
shown in the right-most column of Table 4.3 which lists the relative wick-wetting
time with respect to the wick A, alteration of wick geometry causes delay in
reaching the wick end by the liquid-front. All the altered wicks take more time to
wet as compared to the simple wick. Note that the shortest and longest delays
are in the wicks C and D, respectively.

Since the absorption rate (or absorption speed) is inversely proportional

to the measUred times, so the right-most column is also indicative of the relative
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absorption rates in various wicks. It indicates that the wick alteration has reduced
the absorption rate in general, and this reduction is related to the length and
diameter of the altered regions. The wicks C and D with 4.2% and 44.9%
increase in the wicking time have the smallest and the largest reduction in the

absorption rate as compared to the simple wick A.
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Fig. 13 A comparison of evolution of the dimensionless and numerically predicted
liquid-front height (h¢/ Ly) in the wicks B, C, D, and E
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Table 4.3 Exact and relative time for liquid front to reach height of 0.07m in

different wicks

Wick T7 (Time to | {[T7(A)-T7)/T7(A)}*100
reach hf = %

0.07m) [s]
A 11.1471 0
B 13.091 -17.4
C 11.6152 4.2
D 16.1555 -44.9
E 12.573 -12.8

4.6 Summary and Conclusion

Though the Washburn equation based approach to model wicking in
porous substrates is well established, the approach is not accurate for modeling
the 2-D and 3-D capillary-pressure driven imbibitional flows as it is based on the
assumption of 1-D flow through a bundle of aligned tubes. We model the
imbibition of liquids into polymer wicks, where a sharp flow-front is clearly visible
during the wicking process, using the flow physics of single-phase flow in porous
media for flow behind the front. A computer program called PORE-FLOW® based
on the finite element / control volume (FE/CV) algorithm for the Darcy’s law
based single-phase flow is developed to model the 3-D wicking flows in complex-
shaped wicks. The predictions of the program are first validated against the
experimental results as well as the Darcy’s law and Washburn equation based
analytical solutions for the 1-D imbibition in a cylindrical wick—it is observed that
the numerical predictions follow the experimental resuits and the analytical

solutions very closely. Later the code is validated against the experimental
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results pertaining to imbibition in a complex wick with two different diameters.
While the numerical predictions follow once again the experimental results very
closely, the analytical solutions based the Darcy’s law and Washburn equation
and employing the 1-D flow assumption, fail to be accurate. The excellent
validation of our numerical simulation for the 1-D and 3-D wicking situations not
only highlight the power of the single-phase Darcy’'s law based wicking model,
but also point to another advantage of this model (vis-a-vis the Richard’'s
equation approach described in the introduction) in terms of being able to
measure the model parameters quite easily.

Later the code is then used to study wicking in four different wick shapes
obtained by shaving off portions of cylindrical wicks. It is observed that these
changes in the wick shape can have a significant impact on the mass of liquid
imbibed into the wick, and reducing the wick diameter at appropriate places can

be an effective way of controlling the wicking rate.
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Chapter 5

EFFECT OF EXTERNALLY APPLIED LIQUID PRESSURE
ON WICKING IN PAPER WIPES

5.1 Introduction

Absorption or wicking rate is the most important characteristic studied in
the literature on absorbing technology [1]. When someone uses a stationary wipe
to absorb liquid laid on a surface, the only driving force for wicking comes from
the capillary pressure. However if somebody uses a wipe to clean a wet surface
by moving the wipe over the surface, due to the forcing of liquid into the wedge
created by the wipe and the surface, an extra hydrodynamic pressure in the
wedge along with the capillary pressure inside the wipe drive the liquid
absorption. This extra pressure facilitates the absorption and increases the
wicking speed—we will refer to such a pressure as the external pressure. As is
evident from the literature survey on wicking described in previous chapters , no
previous study has evaluated the effect of external pressure on wicking rate in
paper wipes. We plan to study the wicking of liquid into ordinary paper wipes
under an externally applied liquid pressure where we will compare the
experimental results with the predictions of two theoretical models based on the
capillary-tube and Darcy’s-law based flows. Different wicking parameters used in

the two models are to be measured independently in this study. Liquid absorption
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as a function of time as well as the time taken for a given volume of liquid to wick

into the wipes are to be studied.
Figure 5.1 shows a photo and a schematic of the test setup where a liquid
column was used to create an externally applied liquid pressure at the bottom of

a stack of wipes.

Ligud level

4 Cylind

Buwrette

Tube

a) A photo of the testing setup b) A schematic of the testing setup

Lavers of wipe R

Wetted wipes | f
2 Pressure = peH

c¢) Details near the flow-front inside the stack of wipes
Figure 5.1 A schematic and photo of the testing setup used to study the effect of
externally imposed liquid-pressure on the wicking rate in a wipe-stack.
Changing the height of the liquid column enabled us to study the effect of varying

externally applied liquid pressure on wicking in the stack of wipes. Paper wipes,
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which have cellulose as their main constituent and which are commonly used in
the household, medical and industrial applications, were used in this study.
Layers of paper towel or table napkin were stacked on top of a ‘fritted glass’ (a
porous screen) in the cylinder (see Figure 5.2). The rate of reduction of liquid
level in the burette was measured using a digital camera. Each film was reviewed
several times to extract the exact position of the liquid level at different times
during the wicking process. As the volume of liquid employed for wetting the
stack of wipes was very small, changes in external pressure, which is related to
the height of liquid column in the burette, could be neglected during the wipe-

saturation process.

a) The layers of wipes stacked in the cylinder

b) The tool that was used to cut the wipes
Figure 5.2. The detail of cutting paper wipes and stacking layers in the cylinder
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5.2 Mathematical Description of Wicking Models

As we reviewed in previous Chapters, there are essentially two conventional
models that are popular in wicking studies: the Washburn model and the Darcy's
law based model. We will use both of these two models to compare the

experimental results with theoretical predictions.

5.2.1 Capillary Model
WE assume our porous medium created by wipes to be equivalent to a bundle of
vertically aligned capillary tubes. The energy balance equation for liquid flow
within the capillaries can be written as

u’ P :

ﬂ+¢+h,,=—¢+u—f+hj+h, (5.1)
g 2g g 2g )

where h is the vertical coordinate in the porous medium, p is the pressure, u is

the average velocity of fluid within a capillary tube, and 4, is the head loss.
Subscript 0 indicates the initial value of each parameter and subscript f indicates
the value of parameters at the liquid front. Note that h, is the length of the
capillary tube filled with the liquid. Since the velocity is purely axial and constant
in the capillary tubes (i.e. up=u:.), Eq. (5.1) can be expressed as
P, P, = pgh, + pgh, (5.2)
after recognizing that 5 =o. The pressure terms in Eq. (5.2) can be obtained
through boundary conditions on the fluid as
Py =p(h=0)=p,+ P (5.3a)

p=pth=h)==p .+ P,y (5.3Db)
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So the left hand side of Eq. (5.2), which is the pressure drop driving the flow in
the tube, can be expressed using the boundary conditions as

Po=P; =Py P, (5.4)
The capillary suction pressure p_, applied at the top of the liquid column, can be
obtained through the Young-Laplace equation, Eq. (4.19).
To estimate 5, in Eq. (5.2), WE assume the flow to be laminar in the capillary
tubes. So Eq (3.5) holds. Using Eqgs. (5.4), (4.19) and (3.5) in (5.2) gives the final

form of governing equation as

(5.5)

4ycos(8) 32ul, dh,
+ = —L v pgh,
Pr D, D a P

If we neglect the gravity effects and take the imposed hydraulic pressure to be

zero, then the first and last terms will vanish. Since [ =4, , an integration of the

remaining equation leads to the well-known Washburn equation. For the general
case when the gravity and hydraulic pressure are included, we use Eq. (5.5) to

derive a relation between the location of liquid front/s, and time t. Using the
schematic of the experimental setup shown in Figure 5.1 and noting that p, = pgr

and 5, =1, Eq. (6.5) can be rewritten as

4y cos(9) _ 32uh, dn
10T 56)
3 h

where j is the height of the liquid front. Note that we use the hydrostatic
pressure inside the tube and burette to claim that 1) the externally imposed liquid

pressure under the fritted glass is equal to the pressure in the burette on the

same horizontal plane, 2) the corresponding burette pressure is pgr . If the fritted
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glass is saturated at the time of starting the test, a decrease in the volume of fluid
within the burette can be related to an increase in the volume of fluid within the

wipes through this equation
~ [ ar2aH = ¢, [ 7R2dh (3.7)
where g is position of fluid in the burette at the beginning of the test. Integration

of Eq. (5.7) gives the relation between H and 5 as

H-H, - (%j (h -L,) (5.8)

b

Using Eqg. (5.8) in Eq. (5.6) leads to

A=Ak = Ah, &y (5.9)
where
A =p, +pgH,+ ,‘onggW(!]glﬁ)2 (6.10a)
A, =224 (5.10b)
Dh
A= pg(1+£w(%)2) (5.10c)
Integration of Eq. (5.9) gives the final form of equation as
t:ﬁ[im( A )_hfl (5.11)
Ml A A=Ak

For capillary model, we take p =, in Eq. (56.10a) while using the Young-Laplace

equation for capillary pressure p. from Eqg. 4.19.
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5.2.2 Darcy Model

We would now use an alternative approach where the wetted wipes
behind the rising liquid front is assumed to be completely saturated, and will be
modeled using the Darcy's law for single-phase flow in porous media. As we
explained in Chapter 2, it leads to Eq (2.10) for a 1-D flow such as what we have

here:

’p_, (2.12)
an’

Note that this equation is valid in the stack of wet wipe as well as in the porous
fritted glass underneath it. (As shown in Figure 5.1, the fritted glass and the stack
of wipes above it form a hybrid porous media where these two different porous
media of distinct porosities and permeabilities are in series.) Integration of Eq.

(5.12) results into a general solution of the form p n-4n+p where
0<h<r,@andp n=ch+p Where 1 <n<n . Note that pis modified pressure within
the porous fritted glass and p is modified pressure within the stack of the wipes.

The constants A ,B ,C and D are evaluated using the boundary conditions

Pp=Punt Py a h =0 (5.13a)
Pu=Pun—P, a h=h, (.5.13b)
p,=p, at h=L, (5.13c)
v, =V (5.13d)

that are in terms of the pore averaged hydrodynamic pressure p. Egs. (5.13a) to

(5.13c) can be transformed in terms of the modified pressure P as
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P,=pyntpy, at h =0 (5.14a)

P, =(Pun—~p,)+pgh, at h=h, (5.14b)

P,=P at h=1L, (5.14c)

Use of the boundary conditions (5.14) and (5.13d) with the general solution of

Eq. (5.12) results into the following expression for the modified pressure:

L ~h )+ + L ~-h
Pw(h):pg( L Zh)+ D p,,h+pm_px+h/(pg_pg( , ,K)+p_\_+ph) (5.15)
L(1==7)=h L(1=-2)=h,

4 r

Note that this solution is valid for ; <n <k, With p(n) = p, (k) ; the front height  is a
function of time. An expression for , can be derived by relating front speed
dh, Jdt with the Darcy velocity [Eq. (2.28)] at fronthfas

ary _Vth=h) K, 4P, (5.16)
dt £ e.p dnj,_,

w
/

which through the use of Eq.(5.15) results in

d_h/_:___lf_w_ pg(Lp—h_/)+p.y+ph) (517)

dt e M K,
L=

p

If the only external pressure is the hydrodynamic pressure, which based on

Figure 5.1 is p, = pgrr, then the governing equation for the front speed can be

expressed as

dh, K, pe(L,—h)+p, +pgH (5.18)

dt e

)
K
L,(1=25) =k,

P

Using Eq. (5.8) in Eq. (5.18) to eliminate H leads to
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ih_-i _l,+ngp—l3hj. (& (5_19)

dt K, e
L,(1=22)=h,

p

where 4 and j are defined in Egs. (5.10a) and (5.10c). Integration of Eq. (5.19)
leads to following equation as an explicit relation between time and location of
liquid front.

K,
L=

EH (’11 + ng,,

_ Apgl, (5.20)
x4l A Nin(3 )=k

,+ogL, — Ak,
If there was just one material (i.e. only the stack of wipes) present in the cylinder,

then ; -0, and a comparison of Egs. (5.20) and (5.11) under this condition gives

a relation between the permeability and the hydraulic pore diameter as

K. =5 p; (5.21)
32

This implies that if this equation is satisfied, and the permeabilities of the fritted
glass and wipes are the same (or if we had just one material instead of two), the
predictions of both the Darcy's law based model and the Capillary model are
identical.

Note that , is the suction pressure created at the liquid front. The suction

pressure is a function of the porous-medium microstructure, liquid surface-
energy, and dynamic contact angle. If the porous medium is composed of
spherical beads, it is a function of beads radius [3]; if the porous medium is a
fabric, there are some other expressions for suction pressure [4,5]. we propose a
novel, more general expression to estimate the suction pressure in paper-based

porous media as
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p = reos0)I-¢ (5.22)
r £

where 7 is the ratio of volume and wetted surface-area of the particles in a

porous medium. Details of derivation of Eq. (5.22) appear in appendix A.

Table 5.1 Properties of the test liquids

Type of liquid Distilled water Windex®
Density [ kg/m’ ] 998 982
Viscosity [MPa.s] 0.982 1.5
Surface tension [MJ/m’ ] 72.8 27.65

5.3 Experimental Study

The experimental study of wicking into the wipes is divided into two
sections: in the first section, wicking parameters of wipes and wetting liquids will
be measured in the testing systems; in the latter section, the wicking in the test
setup will be explained. Cellulose wipes are commonly used in the household,
medical and industrial applications. Two of the most important applications are
paper towels and table napkins. We have chosen two different paper towels and
a table napkin for this study. Water and cleaners are usually used as surfactants
to clean the surfaces. We have used Windex®, a known common-use cleaner,
and distilled water for this study. The reason for choosing distilled water instead
of the regular tap water is that the chemical composition (and hence wettability)
of different waters are not the same; so the results obtained with the water in a

city may not be exactly the same as those obtained with the water from another
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city or country. So we have chosen to use distilled water to increase the
repeatability of our test results. Characteristics of the liquids and wipes are

presented in Tables 5.1 and 5.2.

Table 5.2 Characteristics of the wipes (the + shows 95% confidence interval

range [6]).
Designated name A B C
Type of wipes Paper towel | Paper towel | Table napkin
Brand Name Bounty® Scott® Clarissa®
Cylinder radius R, [m] 0.0155 0.0155 0.0155
Porosity of system ¢ 0.58 0.4 0.5
Parameter of 7" [ um] 47.9 53.3 35.8
Hydraulic radius of system R, [um] | 14.6+1.32 1.45%0.7 2.5+0.53
Permeability of system K [m?] (1.55+.4) (3.1£0.86) (4.0%£0.48)
x 107" x 107" x 107"

5.3.1 Measuring the Wicking Parameters

To compare the experimental results of wicking into wipes with the theoretical
predictions, we need to measure some parameters used in the relations derived
in previous sections. These parameters are: porosity of wipes (¢ ), permeabilities

of the testing system (K) which includes the permeability of wipes (k) and that
of the fritted glass (k,), hydraulic pore radius of the testing system (z, ), capillary
pore radius of wipes (R ), surface tension of the liquids (;), dynamic contact

angle (6), and suction pressure parameter (1" ). The experimental techniques for

the testing materials and the results obtained are described briefly in this section.
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E 7 3 S e D
a) Micrograph for wipe A b) Micrograph for wipe B

c)‘ l\?ﬁcrograph for »wipe C

Figure 5.3 Micrography of the structure of the wipes

5.3.1.1 Micrography

Micrographs of the wipes were prepared to study the microstructure visually
(Figure 5.3). Micrography was also used to study changes in the wipe
microstructure with the wetting of wipes. It was seen that the microstructure of
wipe C shrinks more than the other wipes during wetting. It was also observed
that the rate of change of the micro-structure due to wetting was quite high in
wipe C (a few seconds to reach the equilibrium) in comparison to wipes A and B

(a few minutes to reach the equilibrium).

5.3.1.2 Porosity

The mean porosity ¢ of wipes is defined as the ratio of liquid occupied pore

volume to the total bulk volume. If ¢ is the volume of liquid absorbed by a
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porous medium to saturate itself and ¢ is its total volume in the dry state, then
the porosity ¢ is given by

polu (5.23)
Qll)l

Using dimensions shown in Figure 5.1, the final expression for porosity is

oo Qu (5.24)
aR2L

w

5.3.1.3 Permeability

We will now measure the permeability of system employed in the setup shown in
Figure 5.4. We will impose a pressure on the wipe stack and measure the
volume rate of the fluid passing through the wipes for such conditions. Here we
will employ a well known method called the falling-head permeameter [3] to
estimate the permeability. Assuming the system (wipes + fritted glass) to be fully

saturated, we can employ Darcy's law to get

Falling liqud level
l///

Figure 5.4 A schematic of the test-setup for measuring the permeability and
hydraulic pore-radius of the hybrid system consisting of the fritted glass plate and
stack of wipes
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y = 6.7402E-04x + 1.1642E-02

In(HO/H)
o
S

0 16 2I0 3'0 4’0 5'0
t[s]
Figure 5.5 The fitted trend-line for the estimation of the permeability in wipe C.

_k_» (5.25)
u(l,+L,)

in which p=p, = grvand K is the hybrid permeability of the system. The Darcy's

velocity can be also be related to the falling liquid level (Figure 5.4) as

ﬂRZEI—{—
A" (5.26)

7R’
Combination of the above two relations results in

aH _ KR:pg ” (56.27)
H  u(L,+L,)R;

On integrating Eq. (5.27) and using the initial condition g =0)=#,, WE get

0!

o Ho__ KpeRl (5.28)

H  u(L,+L,)R?

In a plot of |, e, versus time t, the slope of the trend line is equal to KogR,
H ML, +L,)R;

Since all the other parameters in the slope are known, the permeability K can be
estimated. For our experiments, each test was repeated four times to make sure
that the slope of the line had a repeatable value. A sample trend line and its

slope are presented in Figure 5.5, and the test results for various wipes are given
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in Table 5.2. The permeability measured was for the hybrid system consisting of
the wipes and fritted glass. The method for estimating the permeability of the

hybrid system is derived in detail in Appendix B.

5.3.1.4 Hydraulic pore radius

To measure the equivalent hydraulic pore-radius of the wipes + fritted glass
system, we assume the hybrid system to consist of vertically aligned capillary
tubes that are fully saturated. Based on Eq. (5.1), the fluid flow within wipes in

the test setup shown in Figure 5.4 can be written as

+h, (5.29)

Noting that 4 -p, =1 +L, + P, =P =pex, and p, =0, this equation can be

simplified to

H=h ~(L,+L,) (5.30)
To estimate »,in Eq. (5.30), once again we assume the flow to be laminar in the
assumed homogenous capillary tubes and use the Darcy-Weisbach relation [2]:

L +L, 4?
hsz PD+ W;_g (531)

Here u is the average liquid velocity within the capillary tubes that can be
estimated through the mass conservation law (i.e., the flow rate is related to the

rate of depletion of liquid column in the burette):

—7R; flﬁ

di (5.32)

U= 3
enR;
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Substituting Eq. (5.32) in Eq. (5.31) and using the definition of friction factor f for

laminar flow in the tubes to be r-64/ with g._ruD,/, we gef following relation
/ Re U

for the head loss within the porous medium.

_ 2R Ly + L) aH (5.33)
£ pgeRID}  dt

Substitution of Eq. (5.33) in Eq. (5.30), and the subsequent separation of

variables leads to

dH ___ pgERiR] ” (5.34)
H+L,+L, 8u(L,+L,)R;

Integration of Eq. (5.34) and use of the initial condition g =0)= #, gives the final

form of the equation as

In H()+Lp+Lw _ sR,ijpg P (535)
H+L,+L, 8u(L,+L,)R]

H, +Lp +L,

So in a plot of
H+L,+L,

versus time t, the slope of the fitted line is equal

to_ eR.R.pg . Since all the other pararﬁeters in the slope are known through
8u(L, +L,)R,

independent measurements, the hydraulic pore radius g, can be found. The test

results are given in Table 5.2.

5.3.1.5 Capillary Pore Radius

To find a relation between the capillary and hydraulic pore radii, we used the
definition of hydraulic radius as the ratio of net liquid volume inside capillary

tubes to the wetted surface area of the tubes to formulate the expression for g, as
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2
R, = NaR‘h, (5.36)
2N#R.h,

where g is capillary pore radius and N is number of longitudinal capillaries

passing through the porous medium. Eq. (5.36) reduces to the following relation

for estimating the capillary pore radius r_ .

R =2R, (5.37)
In the tests, enough layers of wipes were stacked in the cylinder to enable me to
measure the saturation height. Since the capillary pore radius is also related to
the compression ratio'® of the wiping material, we measured the density of wipes
(i.e. number of the wipe layers in a unit length) in the cylinder during the test to
maintain the same porosity and pore radius. To adjust the volume of the wipes to
reach a desired wipe density, we used a special piston to compress them within
the cylinder. The piston itself had a lot of pores in it, so the air could not be

trapped under the piston as it was compressing the wipes.

5.3.1.6 Contact Angle and Surface Tension

The standard Wilhelmy plate method was used in a Dynamic Contact-angle
Analyzer (DCA) to measure the surface tension of the testing liquid. The DCA
was also used to measure the dynamic contact angles of the wipes and liquid
system using the standard Wilhelmy plate method with a piece of flat rectangular
paper replacing the metal plate. (To prevent the effect of absorption on the

measuring angle, the testing sample was put into the liquid and allowed to

' In compressible materials, the compression ratio is the ratio of their current volume under an external
pressure to their initial volume under zero external pressure.
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become fully saturated before the measuring of the contact angle.) The

measured surface tension and contact angle are given in Tables 5.1 and 5.3.

Table 5.3 Contact angles of the wipe-liquid systems (with the 95% confidence
interval range [6])

Type of liquid Distilled water Windex
Wipe A 5594126 0
Wipe B 41£0.71 0
Wipe C ‘5].i0439 0

5.3.1.7 Suction Pressure Parameter I~

According to the newly proposed expression for the suction pressure as
presented in Appendix A, the suction pressure parameter 7" is defined as the
ratio of volume of particles/fibers in a porous medium to their wetted area (Eq. A-
4). If we approximate the three-dimensional pore structure in paper as something
generated by extruding a two dimensional micrograph along the vertical direction,
this parameter can be equated to the ratio of the particle cross-sectional area to
its perimeter. Thus we can use the micrographs of wipes given in Figure 5.3 to
estimate the value of I for each wipe after measuring the cross-sectional area
and perimeter of solid portions of the micrographs. Note that if we assume the
porous medium to be a fibrous material, the value of 7~ would be equal to fiber
radius. Therefore one of the effective ways of estimating 7~ is to measure the

average radius of fibers in the micrographs.
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5.3.2 Measuring the Wicking Rate under Hydrodynamic Pressure

As we have mentioned before, the capillary pore radius is related to the
compression ratio of wiping material, so to get accurate results we measured the
density of each stack of wipes in the cylinder to make sure it is constant in all the
tests for each of the wipes''. To adjust the volume of the wipes, a special piston
was used to compress the stack of wipe layers within the cylinder (see Figure
5.1) to a desired height. At the start of each experiment, we have been saturating
the fritted glass while the stacks of wipes were kept a few millimeters above the
fritted glass. During the procedure, the end of the burette was closed to prevent
the fluid from moving down. As the stack of wipes touch the fritted glass, the
burette was opened to let the liquid move down the tube. A camcorder was used
to record the height of liquid within the burette; the video film was reviewed later
to extract the absorption rate into the wipes.

To make sure that our measurements were reliable, each test was
repeated at least three times. We also did a scatter-estimation test on the wipe C
to estimate the repeatability of the test results. Figure 5.6 shows the results of
scatter-estimation tests on wipe C with Windex; the measured 95% confidence
intervals are shown with the help of the scatter bars. (This interval is a range of
the measured quantity in which the measured value is expected to fall 95% of the

times [6].) The small bars (especially till t = 6 sec) mean that our experiments

"' Since the number of layers was high, we weighed the stack of wipes to make sure that we were
using the same number of layers in different experiments with the same wipe. The precision of
the microbalance used was 0.01 g which was less than the weight of a single layer. (The weight
of layers for the test materials A, B, and C were 1.37 g, 2 g, and 1.37 g, respectively.) Using this
method and such a microbalance, we ensured that the number of layers remained constant from
test to test.
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were very repeatable. We are confident that all experiments listed in this paper
show similar repeatability patterns. To get a good confidence level, it was
necessary to avoid trapping of bubble under the fritted glass as the bubbles
provide additional resistance to fluid moving upwards.

Similarly tests to measure wicking parameters (Tables 5.2 and 5.3) were
often conducted multiple times to obtain more than one measured values. The
scatter in the property values thus obtained was once again quantified through

the use of the 95% confidence interval.

Absorbed mass [g]
w

0 2 4 6 8 10
Time [s]

Figure 5.6 A scatter estimation on the wipe C with Windex experiment with
scatter bars showing confidence interval of 95%

5.4 Results and Discussions

Since we had an explicit relation for time in terms of the liquid front position in

Egs. (5.11) and (5.20), we gave different values of the liquid-front position 5, from
zero to 1, and then calculated the corresponding time for each position using
the mentioned equations. The position ;, was then converted into the liquid mass

absorbed into the wipes through the relation

m=e,prR2(h, ~L,) (5.38)
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Figure 5.7 Wicking rate in wipe A when water was used under three different
externally-imposed liquid pressures.
As seen in Figure 5.7, the experimental and capillary model results are not close
when the externally imposed liquid pressure is zero (Figure 5.7a). But as the
externally imposed liquid pressure increases, the theoretical predictions obtained

from the capillary model grow closer to the experimental measurements (Figures
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Figure 5.8 Wicking rate in wipe B when water was used under three different
externally-imposed liquid pressures.
5.7b and 5.7c). As for the Darcy law results, it has the opposite effect, i.e., there
is an excellent prediction when the external pressure is zero. However, there is

an increasing deviation from experiments with a rise in the external pressure.
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One possible reason for this progressive improvement of results for the capillary
model is our method of measuring the hydraulic pore-radius. We measured this
parameter while the materials were under the externally imposed liquid-pressure
and as the imposed pressure compresses the material, the obtained parameters
(permeability and hydraulic pore radius) are valid for the externally imposed liquid
pressures equal to or close to the measuring pressure”. So we expect that as
the difference between the measuring pressure’™ and testing pressure’
increases, the difference between the theoretical predictions and the experiment
results would increase as well. This difference is more significant for those type
materials that are more compressible or those that swell more as they get wet.
This fact can explain why we have better theoretical results when an external
liquid pressure is imposed during wicking.

In Figure 5.8, we have used another type of paper towel with its
compressibility lower than that of type A. As we can see in Figure 5.8a,
theoretical results predicted using the capillary model for the case of pure wicking
(no externally imposed liquid pressure) are way off the target once again, in fact
more than the one seen for wipe A in Figure 5.7. So one might surmise that as
the compressibility of wipes decreases, the accuracy of the capillary model
predictions deteriorates for the pure wicking case. Theoretical predictions by the
Darcy’s law model are good as before for this case. However tables are turned

as the external pressure is increased: performance of the capillary model

* Note, we are dealing with compressible materials, so the externally imposed liquid-pressure
compresses them and changes their wicking parameters.

" The externally imposed liquid-pressure at which the wicking parameters were measured

" The externally imposed liquid-pressure under which the wicking rate is being measured
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ons of the Darcy’s-law based model deteriorate. In fact the

curate prediction in part (C) of Figure 5.8, while the latter

under-predicts the absorbed mass.
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externally-imposed liquid pressures.



130

Figure 5.9 shows the results obtained for wipe C, a table napkin. In addition to
having a higher compressibility, the napkins also swelled faster than the paper
towel as they got wet. Again we can see a very large difference between the
capillary model predictions and the experiment for the zero imposed pressure or
pure wicking case (Figure 5.9a). Once again Darcy law predictions are quite
accurate. However as the external pressure increases, predictions of the
capillary model improve and approach the experimental results (Figures 5.9b and
5.9¢); Darcy’s law model predictions deteriorate as before.

It is clear from Figures 5.7, 5.8 and 5.9 that for wicking (of both the free and
pressurized types) in swelling materials such as paper napkins and towels, the
capillary and Darcy’s law based models fail to perform consistently over the
whole range of imposed pressures. For the lower imposed pressures, the Darcy’s
law based models perform better where as for the higher imposed pressures, the
capillary model are more accurate. This is in contrast to their sterling behavior in
predicting wicking accurately in rigid polymer. wicks [3,7]. The reason could lie in
the fact that the measurement of certain wicking parameters (such as the
hydraulic pore-radius, the wicking parameter M, and the permeability) may be
affected by swelling of the cellulose-based porous medium. Experiments have
shown that swelling of cellulose has a time-scale that matches the time-scale of
the wicking process, so some wicking parameters in such materials might be a
function of time and the location of liquid front in addition to other usual factors.
As a result, the conventional methods for measuring wicking parameters, which

rely on establishing steady-state conditions in porous media before the start of
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measurement, may not be valid for swelling materials. In other words, the
measured wicking parameters are expected to be reliable only when they are

used at liquid pressures that are close to the imposed pressure used during the

measurement.
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Figure 5.10 The effect of externally imposed liquid pressure on the absorption
time for wipes A, B and C when the three wipes absorbed the same volume of
liquid
Saturation time, which could be defined as the time needed for a liquid to
make the stack of wipes fully wet or saturated, was measured next. Such a time
could be measured from the recorded video films of the aforementioned wicking

experiments. However since the volumes of liquid needed to make wipes fully

wet were different for the three wipes, we defined a special fixed volume (which
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was less than the saturation volume for the least absorbent type of the testing
wipes) to compare the absorption time. So, the time needed for each wipe to
absorb a defined volume of selected liquids were measured and compared
together to see how the hydrodynamic pressure may affect the absorption time in
each of the tested wipes. (Note that since our theoretical approaches did not
predict the experimental results consistently well, we have used only the
experimentally measured saturation-times of the three tested wipes.) The effect
of the externally imposed liquid-pressure on the absorption time for the three
tested wipes is shown in Figure 5.10. It shows that as the imposed pressure
increases, the effect of the capillary pressure grows less important in comparison
to the imposed pressure; this is why we can see a convergence of the lines in
Figure 5.10 with an increase in the imposed pressure. The pattern is repeated in
both Figures 5.10a and 5.10b although the absorption time for Windex is more
than that for the water. The changing of the test liquid merely changes the speed
of absorption, but ieaves the pattern of liquid absorption unchanged. Of course,
some physical or chemical properties of the liquids (such as the polarity or
chemical reactivity) and the solid-liquid interactions are different in the two cases,
which consequently lead to minor differences in the absorption pattern. It might
be the cause of a slight differénce seen between Figures 5.10a and 5.10b.

In Figure 5.11, the change in the absorption times for each wipe are
presented for the two test-liquids separately to show the effect of changing liquid
properties on the absorption rate. The pattern of the liquid absorption is similar

for both the liquids in wipes A and B (Figures 5.11a and 5.11b) while there is a
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difference for wipe C (Figure 5.11c). It shows that when the liquid was switched

in wipes A and B, the structural interaction between the new liquid and wipe
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Figure 5.11 The effect of externally-imposed liquid pressure on the absorption
times for wipes A, B and C when the three wipes absorbed the same volume of

liquid
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matrix was less than that in wipes B and C. All of the plots in Figures 5.10 and
5.11 show that as the externally imposed liquid-pressure increases, it enhances
the absorption rate. But the effect of increasing the imposed pressure from zero
to 2683 kPa is much higher than the effect of increasing it from 2683 kPa to 4758
kPa. For example, in wipe A with water, when the imposed pressure increases
from zero to 2683 kPa, the saturation time decrease from 3.63 to 0.27 seconds,
which means a decrease of 93 percents. On the other hand, increasing the
imposed pressure from 2683 kPa to 4758 kPa (77 percent increase) decreases
the saturation time from 0.27 to 0.19 seconds, which is merely 2.2 percent of its
initial saturation time of 3.63 seconds. This important result shows that as the
externally imposed liquid pressure increases, its relative effect on the absorption
rate (or the wicking rate) decreases.

To consolidate the above argument, two non-dimensional parameters of

'relative pressure' and 'relative absorption time’ are proposed:

p =Pth (5.39a)
P
T = time of saturation whenP=p_+p, (5.39b)

re

time of saturation whenP = p,

Figure 5.12 shows our previous point about the effect of the externally imposed

liquid pressure. It shows that as the relative pressure P, increases, the change in
the relative time7,, decreases. This effect is more significant in wipes B and C

than wipe A. In other words, both Figures 5.11 and 5.12 show that as the
imposed pressure increases, its ability to decrease the absorption time

decreases. A speculative explanation of this phenomenon can be attempted as
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follows. When an externally applied liquid-pressure is imposed on the wipes, it
compresses them and reduces their pore sizes, which in turn lead to two effects:
1) increase in the capillary suction pressure, 2) decrease in the permeability (or
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Figure 5.12 The effect of externally-imposed liquid pressure on the absorption
time when absorbing a fixed volume of liquid (using the non-dimensional
pressure and time for wipes A, B and C)

increase in flow resistance) of wipes. During the first increase in P, perhaps the

first effect is dominant, and as a result, increase in the applied pressure as well
as the capillary pressure provide higher motive force to the wicking liquid and

thus cause the saturation times to decrease. During the second increase in P,
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perhaps the second effect is dominant, and the increase in the motive force due
to an increased capillary pressure is cancelled by an increase in flow resistance,
and as a result, the saturation time does not decrease as much.

In conclusion, we would like to mention that some wicking tests were also
conducted with a special ‘microfiber’ wipes that were characterized by the
presence of microscopic apertures to enhance wicking. However significant
scatter in the absorbed-mass-vs-time plots were observed for this wipe. It was
postulated that presence of microscopic apertures rendered the wipe
microstructure a dual-scale porous medium (i.e. large lengths-scale apertures
coexisting with much smaller length-scale pores); so if the apertures aligned
during the stacking of wipes, wicking behavior was completely different from
when the apertures were not aligned. As a result, it was felt by the authors that
more study is needed to develop a reasonable theoretical model for Wicking in

such dual-scale wipes, and such an effort will be undertaken in future.

5.5 Summary and Conclusion

Wicking of liquid under externally imposed liquid pressure into three cellulose
wipes is studies experimentally and theoretically. The wicking and wetting
parameters of testing wipes were measured to enable a comparison between
theoreticalv predictions and experimental results. Wicking models based on Darcy
law and aligned capillary tubes were developed as our theoretical modeis. A new
formula for prediction of suction pressure is presented, which is based on the

ratio of mean values of volume and wetted surface-area of particles in the porous
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medium. It was seen that the predictions of the capillary model and Darcy law

based models were not consistent over the whole range of the externally applied

liquid pressure during wicking: the capillary model was accurate at higher applied

pressures while the Darcy law based model was better at zero pressure (pure

wicking) situations. The cause of this inconsistency may be that the wicking

parameters may be affected by the applied pressure in compressible wipes as

well as change during the wetting of cellulose-based paper wipes. It also was

seen that as the applied pressure increases, its relative effect on the absorption

rate of saturation time decreases.
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Chapter 6

DARCY’S LAW BASED MODEL FOR WICKING IN
PAPER-LIKE SWELLING POROUS MEDIA

6.1 Introduction

Wicking is the spontaneous absorption of a liquid into a porous medium by
the action of capillary pressure. An example of wicking is the imbibition of liquids
by towels, paper towels, table napkins, wipes, and sponges. Another important
example is that of wicking in commercial wicks used by consumer product
companies to‘dispense volatile substances into the air such as room fresheners
or insect repellents.

Capillary pressure during wicking occurs as a result of capillary suction,
which is created on the walls of the porous media at the interface of wet and dry
matrix [1,2]. These forces originate from the mutual attraction of the molecules in
the liquid medium and the adhesion of liquid molecules to those in the solid
medium [3]; the wicking phenomenon occurs when the adhesion is greater than
the mutual attraction. Wicking is the main cause of absorption in the porous
materials, although there may be other factors causing absorbency [4].

Wicking performance is an important issue in several industries that deal
with liquid-absorbing porous media, including the pulp and paper industry. The

most common example is the paper towel, in which water absorption and
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retention is the primary goal [1]. There are two traditional models for studying the
wicking phenomenon mathematically: 1) The older method uses the Washburn
(or Lucas-Washburn) equation [5,6], where the porous medium is assumed to be
a bundle of aligned capillary tubes of the same radii; Lately a newer version of
this equation has been developed after inclusion of the gravity term [7]. 2) In
recent years, a new approach based on Darcy's law has been successfully used
to model wicking in porous media such as a sintered polymer wick [8] or bank of
fibers [9]. (Darcy’ law, a simple formula that relates the average velocity of a
liquid to the pressure gradient within a porous medium, was first discovered by
Henri Darcy in 1857 [10].)

Wicking is a function of the micro- and macro-structure of porous media,
the characteristics of liquid, and a function of time [8]. The general relation
between the wicking rate, wicking time, and liquid characteristics is clearly
described in the aforementioned conventional wicking models. The relation
between the wicking rate and structure of a porous medium is the most
challenging, since the structure of porous media show great variations [11].
Several researchers studied the relationship between the wicking rate and the
porous medium structure in fibrous materials by analyzing the wicking rates
along the fibers [12-14] and across the fibers [9, 15, 16]. Recently, the wicking
enhancement in multi-ply paper structure was investigated experimentally [17],
where it was shown that this enhancement is most noticeable in the beginning of

the wicking process and diminishes gradually. Although several researchers
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have tried to find a theoretical equation relating the wicking rate to the
microstructure of a porous medium, it still remains a poorly understood problem.

Fiber swelling is an important phenomenon that affects wicking in paper
[18], as it is one of the swelling mechanisms that occur during water-fiber
interaction in all bio-fiber and plant-based materials such as paper and pulp.
Since swelling changes the structure and molecular arrangement‘of materials, it
affects both the wettability and "wickability’ of the porous media [19]. In fact, the
swellability of fibers is an important and useful property of paper for the paper
industry—the swelling leads to liquid absorption in the paper matrix, which in turn
leads to liquid retention inside the porous paper. In paper industry, this liquid
holding capacity, which is related to the moisture content after a paper sheet
dries, is called Water Retention Value [20].

The swelling effect leads to error if the conventional wicking models such
as Washburn equation are employed to predict the wicking rate in swelling
porous media [21]. Schuchardt and Berg [22] studied the swelling phenomenon
experimentally and modified the Washburn equation for application in some
swelling materials. This model, built on the assumption that pore radii in a
swelling porous medium decrease linearly with time, compares better with the
experimental data than the conventional Washburn model.

In this Chapter, we present a new model based on Darcy’s law to predict
wicking rates in swelling porous media. Using the volume averaging method, the
continuity equation for single-phase flow in swelling porous media is modified to

include 1) a sink term, which is related to liquid absorption by dry particles; and
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2) a source term, which is related to the rate of change of porosity. We also
investigate the dependence of permeability upon porosity, expressed through
several permeability models, including the Kozeny-Carman model.

The advantage of using Darcy’s law to predict wicking rates compared
with the Washburn equation is that Darcy’s law provides a modern approach that
can be extended into modeling two- or three-dimensional wicking flows [23],
while the Washburn equation is limited to one-dimensional wicking due to its
origin from the laminar-flow model along a bundle of capillary tubes. By
combining the general form of Darcy's law and the continuity equation, any two-
or three-dimensional flow in porous media can be modeled. Based on such an
approach, the PORE-FLOW®, a novel, finite-element based numerical simulation,
was developed to predict the wicking flow in the three-dimensional and complex
geometries [23]. The inclusion of swelling effect in Darcy's-law based model, as
proposed in this paper, has the added benefit of easy implementation in such
flow-modeling codes, based on Darcy's law and the continuity equation, to study

three-dimensional wicking in swelling porous materials.

6.2 Theoretical Details

6.2.1 Wicking in Rigid Porous Media

In rigid porous media, the sizes of the constituent particles and the pores
between them remain constant during the wicking process. The two conventional

theories for wicking in rigid porous media, one based on the Washburn equation
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(also known as the Lucas-Washburn equation) and the other based on Darcy’s

law, are explained below.
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Figure 6.1 A schematic of the wicking setup and the wicking (or liquid-front)
height in a porous wick.

6.2.1.1 Washburn Equation

If a porous medium is assumed to consist of a bundle of parallel capillary tubes
of the same size, the governing equation for wicking flow, after assuming the
Hagen-Poiseuille flow of liquids through such tubes and neglecting the effect of

gravity [7], is Washburn equation:

D, 12
L, = 7_c2_os_(_)t (6.1)
\ [

where L, is the height of the rising liquid-front within the porous medium (see

Figure 6.1), u is the liquid viscosity, vy is the liquid surface tension, 6 is contact

angle, tis time, and D, , the effective pore diameter, is obtained through

p =Pi 6.2)
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where D, is capillary pore diameter, and D, is hydraulic pore diameter. If the

capillary and hydraulic diameters are equal, i.e., D, = D, = D_, the height of the

L, = /Mt (6.3)
4u

wicking front changes to

6.2.1.2 Darcy's Law

The single-phase flow of a Newtonian liquid in an isotropic and rigid porous
medium is governed by Darcy’s law and continuity equation. We have shown in
Chapter 2 that in the case of a one-dimensional flow after neglecting the effect of

gravity, the use of Eqs (2.8) and (2.9) leads to an equation for liquid-front location

L, = |KPe (6.4)
£, 1

where ¢, the porosity of the porous medium, is defined as the ratio of pore

in the form of

volume to the total volume. p_ is the capillary pressure obtained through the

well-known Young-Laplace equation.

6.2.2 Wicking in Non-Rigid, Swelling Porous Media

In order to use the above models in swelling porous media, some modification is
necessary since the pore radius, porosity, and permeability change during the
course of swelling. In fact, these parameters are functions of both time and space

in swelling porous media during wicking. The next section describes two
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approaches to modify the previous wicking models for application to swelling

porous media.

6.2.2.1 Washburn Equation

Schuchardt and Berg [22] assumed the pore radius in the wetted area of
the considered porous medium (a composite of cellulose and superabsorbent
fibers) will decrease linearly with time as a result of swelling. They used this
assumption to modify the Washburn equation and proposed the relation for the

wicking rate as
2 1/2
I = M[t_iﬁ +_"_,3} (6.5)

while using a decreasing hydraulic radius R, = R, —at behind the flow front due
to swelling of fibers constituting the porous medium. In this formulation R, is
hydraulic pore radius, R, is the initial value of R,, and a is a constant

representing the swelling effect. The details of derivation are presented in
Appendix C. Note that upon neglecting the swelling effect (i.e.,a=0), Eq (6.5)

turns to Eq (6.3), which is the original Washburn equation for rigid porous media.

6.2.2.2 Darcy's Law

For a swelling porous medium, the continuity equation modifies to the form

V- Fy=-S-—L (6.6)
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using the volume averaging method. (See Appendix B for details of the
derivation.) Note that a negative term on the right causes the liquid to ‘disappear’
from the interconbnected pore-space available for the traveling liduid, while a
positive term ‘creates’ liquid in the same space. The first sink term, -S, is created

due to the absorption of liquid by the solid matrix. Since the porosity ¢,
decreases in a swelling porous medium, the de, /0t terms is —ve; thus, the

second term on the right is actually a +ve source term.
If we consider the wicking flow to be one-dimensional, the governing

equations (Darcy's law and the modified continuity equation) simplify to

__Kd(p)’
(uy = o dx (6.7)
dwy g% 6.8)
d o

where (u) is the volume-averaged Darcy velocity, also known as the specific
discharge in the porous media literature [10]. Since S is the rate of liquid

de,

absorption by solid matrix and is directly related to the rate of increase of

solid-matrix volume, we propose that S is proportional to% (&, defined as the
ratio of solid volume to the total volume). In other words, we assume S to be

linearly proportional to%, ie.,

S=ps (6.9)
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where b = 0 case signifies 'no absorption of liquid by solid matrix' and b=7 case
indicates 'the rate of increase of solid-matrix volume is equal to the volumetric
rate of liquid absorption by solid matrix'. Therefore, b, to be referred to as the
absorption coefficient, must fall in the range 0<5<1'". We also have the
following relation between two porosities:

g, +e, =1 (6.10)
Substituting Eq (6.9) in Eq (6.8), and then using Eq (6.10) to eliminate ¢, leads

to the following relation for the continuity equation:

d{u)
dx

Og
:(b—l)—at‘— (6.11)

If we substitute Eq (6.7) in Eq (6.11), and assume the permeability and porosity

to be functions of time only, then we obtain

D _ g 6.12)
dx ‘
where
g s '
G(1)=(1-b) 2~ 6.13)

Note that in general the porosity and permeability are expected to be functions of
both time (f) and space (x coordinate) in swelling materials. |f we consider the
global values for porosity and permeability throughout the wetted porous
medium, then local effects are neglected and the permeability and porosity can
then be just functions of time. Neglecting the local spatial dependence in these

parameters simplifies the governing equation (6.12) from a nonlinear partial

'> One can allow b to be greater than 1 if the increase in solid volume is caused by some other
effect other than the migration of volume of the liquid.
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differential equation to an ordinary differential equation that can be solved
analytically. Although this assumption reduces the accuracy of our wicking
predictions, the resultant simplification in the wicking model makes it worthwhile

to neglect the local effects. After neglecting the effect of gravity with pgl,, << p_,
the boundary conditions for Eq. (6.12) (Figure 6.1) can be deduced to be
(P (x=0)=p,, (6.14a)

<p>f(x = L(/‘) =Pam — Pe (614b)
After integrating Eq (6.12) two times and applying the boundary conditions Eqs

(6.14a) and (6.14b), the final expression for pressure reduces to

: 1 1 .
(P (1) =5G¥" ~(5G1L, +f—‘)x + Dum (6.15)
.

The liquid-front velocity and the Darcy (filtration) velocity are related through the

equation [23]

ary _
a g

g X=Llj'

(6.16)

where g, is the surface porosity at the liquid front. If we assume the surface and

bulk porosities to be identical, then, due to the swelling effect, the porosity will

decrease progressively from its initial value of the surface porosity at the liquid

front, ie., &, =¢, =¢,(t=0). Substitution of Eq (6.7) in Eq (6.16) and

considering Eq (6.15) for pressure term leads to the following differential
equation

dL
L g, + & (6.17)
dt "L,
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where G, and G, are just functions of time:

G,(t)=——[§%GZ) (6.18a)
Jo
G,(t)= X P (6.18b)
gy, H

Eq. (6.17) can be converted into a linear differential equation by defining y as
y=1L, (6.19)
Using Eq (6.19), we can transform Eq (23) into a differential equation of the form
dy
—d?:ZG,y+G2 (6.20)
that can be easily integrated using the initial condition y(t =0)=0. The final form
of the solution is
(G ¢t -2[ Gy ,
y=2e Le G,dt (6.21)
Substituting G,, G, and y from Egs (6.18a), (6.18b), (6.19), respectively, into Eq

(6.21), results in

KG

2[ KG 4 . -2[ @ g
L= 2 " [e " 2o Pegp (6.22)
' 0 EnH

Substituting G from Eq (6.13) in Eq (6.22), and doing some algebraic operations

yields the final relation for liquid front as

2p. (b-lE L 1mn)-

L= |Pee e K (6.23)

y ’
EnH

Note that for a rigid porous media with no absorption into fibers/particles (b = 0)

and with the porosity remaining unchanged behind the liquid front (¢, = ¢, ), Eq
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(6.23) reduces to the ordinary porous-media case of Eq (6.4). For the special
case of b = 7 when the swelling rate matches the volumetric absorption rate, the

wicking relation (6.23) simplifies to

L, = \[ 2p. [ ke ar (6.24)

Our main assumptions in deriving Egs (6.23) and (6.24) are:

1. The absorption rate of liquid in the porous medium is linearly proportional to
the rate of change of solid volume fraction.

2. The porosity and permeability are considered globally for the whole wet area;
thus, they are functions of time only.

3. The effect of gravity on the wicking phenomenon is negligible.
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Figure 6.2 Wicking height vs. time plot for water absorption in the 13%FC
CMC/Cellulose composite-paper strip [22].
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6.3 Results and Discussions

6.3.1 An Experimental Study

Schuchardt and Berg [22] conducted experiments to compare the
predictions of their modified Washburn model, Eq (6.5), with the experimental
results. Figure 6.2 shows the experimental data and predictions of the modified
Washburn equation for wicking water in a composite paper strip of 13%FC"®
CMC"/Cellulose (i.e., 13% of FC consists of CMC fibers and the rest is made of
cellulose fibers). Although there is a minor deviation at the beginning, the
theoretical predictions match well with the experimental results as the time

passes on.

Table 6.1 The characteristics of test liquid (distilled water) and the values of
R,and a measured by Schuchardt [21].

Characteristic Value Unit
Viscosity of test liquid 0.000911 Kg/m.s
Surface tension of test liquid 0.0723 N/m
Pore radius reduction rate a 8.40E-10 s/
- Initial pore radiusr, 8.80E-07 m

Schuchardt and Berg [21] used two different liquids in their wicking
experiments: one that causes swelling in the composites paper during wicking,
and one that does not. They compared the measured values for pore radii under

swelled and non-swelled conditions at various times, and thus estimated the

16 FC (or Aquasorb FC) is a type of superabsorbent fiber made by the then Hercules Chemical
Company (which may now be known DuPont).
17 CMC is an acronym for Carboxymethylcellulose.
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values of R,and a in Eq (6.5). The characteristics of their test liquids, and the

measured values of R,and a are listed in Table 6.1. Although the modified

Washburn equation predicts well in Figure 6.2, it has some limitations—it
assumes the hydraulic radius continually reduces, which means the fiber swelling
must continue during the wicking time. Therefore, Schuchardt and Bergs' model.
works as long as the wicking time is not greater than the maximum-permitted
swelling time (depending upon the void space between fibers) for individual

fibers.

6.3.1.1 Changes in Porosity during Wicking

The porosity was not measured in the above-mentioned experiment. Since the
pore radius and its rate of change were measured, we can derive an expression
for porosity versus time, as follows. In the capillary model, the porosity is defined
as

g, =naR’H (6.25)
where H is the length of the porous medium, and n is the number of assumed
capillary tubes passing through a unit area of the porous medium. The capillary

(pore) radius, R, decreases linearly with time as a result of swelling as
R.=R,-at (6.26)
The initial porosity &, can be similarly defined as

£, = naR; H (6.27)
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Comparing Egs. (6.25) and (6.27) while including Eq (6.26) leads to the following
relation for porosity

R, —at

D ) (6.28)

g,=g,(

Figure 6.3 plots the relative porosity ¢, / £, against time for the composite paper

strip of 13%FC CMC/Cellulose using Eq (6.28); it is clear that the porosity and

the rate of change of porosity decrease with time.
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Figure 6.3 Relative porosity ¢, /¢, versus time plot for the 13%FC
CMC/Cellulose composite-paper.

6.3.1.2 Changes in Fiber Size During Wicking

If we assume 13%FC CMC/Cellulose to consist entirely of fibers, we can also
derive an expression for fiber size as a function of time from the data presented
in the above-mentioned experiment. If we assume the porous medium to consist

entirely of paraliel fibers, the solid volume fraction ¢, can be formulated as
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1
g, = Zm”Dijﬂ’ (6.29)
where m is the total number of fibers in a unit cross-sectional area, D ,is the

diameter of fibers, and L ,is the length of fibers. As a result, the initial solid

volume fraction ¢, is given by

Sy

e, = émwfba/: \ (6.30)
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Figure 6.4 Dimensionless fiber diameter Dﬂ, / Dﬂ,(, versus porosity plot for the
13%FC CMC/Cellulose composite-paper.

On dividing Eq (6.28) with Eq (6.30) while using Eq (6.10) results in the following

relation for fiber diameter:

(6.31)
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Figure 6.4 plots the dimensionless fiber diameterD, /D, against porosity for

the tested material using Eq (6.31); it is clear that the average fiber diameter
increases as the porosity decreases during the swelling of the material. Since
porosity is a function of time through Eq (6.28), the fiber diameter is also a
function of time. Figure 6.5 shows how the fiber diameter is expected to increase

with time in 13%FC CMC/Cellulose composite paper, a swelling porous media.
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Figure 6.5 Dimensionless fiber-diameter D, /D, versus time plot for the
composite 13%FC CMC/Cellulose paper.

6.3.2 Permeability

In order to predict the Darcy’s law-based wicking length given by Eqs (6.23) or
(6.24), we need to know how the permeability of the composite paper changes
with time. In the capillary model, where the porous medium is assumed to be a
bundle of capillary tubes, the permeability can be obtained by comparing Eq (6.3)

with Eq (6.4). Note that porosity in Eq (6.4) refers to the porosity at liquid front,
L
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which is the porosity under the non-swelled, initial state, ie., ¢, =¢,. The
relation thus obtained with this assumption is referred to as the capillary-model

permeability [11]:

K==¢ R} (6.32)

Table 6.2 Different suggested relations for ¢(¢, )for porous media consisting of

packed particles, where c is an arbitrary constant that depends on the structure
of porous media.

Author Suggested relation for ¢(¢, )

Blake (1922), Kozeny (1927), Carman gj,
(1937) [10] “(1-e,)7

Zunker (1920) [11] £,
cm
Terzaghi (1625) [11] (£, -.13)?

Fehling (1939) [11] cgf4

Rose (1945) [11] | cgf“

Rumpf and Gupte (1971) [11] ce,”

Since the capillary pore radius changes with time [Eq (6.26)], this permeability is
also a function of time only.

We may also use some empirical and theoretical formulas for estimating
the permeability, which are well-established in the literature on porous media.

These formulas are generally in the form
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K =Dig(s,) (6.33)
where ¢(e,) is a function of porosity. We have used different empirically
obtained or theoretically derived formulas for ¢, which are listed in Tables 6.2
and 6.3. Table 6.2 shows different suggested relations for ¢(e, )for porous

media consisting packed particles, while Table 6.3 displays similar formulas for

porous media consisting of packed fibers.

Table 6.3 Different suggested relations for ¢(¢, ) for porous media consisting of

packed fibers, where ¢ is an arbitrary constant that depends on the structure of
porous media.

Author Suggested relation for gz, )
Davies (1952) [11] . 1
(1-¢,)"[1+56(1-¢,)° ]
Chen (1955) [11] £; 0.64

c In >
]—6‘/ (I—a'f)

Bruschke and Advani (1993)
[29]

c(]—-n)2 (377.tan" \ﬁ]+77)/(1~77) .

3

2
n -1
—+1
5 )

Gebart (1992) [26]

There is a constant factor ¢ in each formula for ¢(s, ), which piays an

important role and may depend on other aspects of flow through porous media,

including the particle-based Reynolds number [27]. Since we have the exact
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Table 6.4 The final forms of permeability relations (obtained using ¢(¢, jand Eq
(6.30)) for porous media consisting of packed particles.

Author Suggested relation for ¢(¢, )
Blake (1922), Kozeny (1927), Carman X (gf ) £
(1937) [10] e, I-¢g
Zunker (1920) [11] g, I-¢,
0 ~
€, 1-¢;
Terzaghi (1625) [11] g, -013 5 I-g, ..
0
5, =013 I-¢,
Fehling (1939) [11] g, ,1-¢,
Ky(—)' +—
7 €,
Rose (1945) [11] g, I-¢,
K()(—L)“ !
£, 1—5,0
Rumpf and Gupte (1971) [11] g, ., 1-¢g,
Ky(—-) :
&y I-¢,

value of K,, the permeability of the composite paper at t = 0 for the case of no

swelling, we have used the ratio of % to eliminate the constant c¢. Since we
4

also used Eq (6.31) to express pore diameter as a function of porosity, the final
expression of the permeability is just a function of porosity. Tables 6.4 and 6.5 list
the final forms of the theoretical and empirical formulas for permeability of

swelling porous media.
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Table 6.5 The final forms of permeability relations (obtained using ¢(¢, Jand Eq
(6.30)) for porous media consisting of packed fibers.

Author Suggested relation for ¢(s, )
Davies K (]—afo s 1+56(1-¢, )’
(1952) [11] “1-g,” 1+56(1-¢,)
Chen (1955) £, 0.64 0.64
K,—In 5/ In >
[11] &, (1-g,) (I-¢,)
Bruschke and K, y(n) n where 1, =i(1"9/0)
Advani win, ), 7 ’

nd W?):(z—?) (377.tan‘ J(I+n)/(1-n) +12_+1)_,
7

VI-n° 2

(1993) [25]

Gebart « 1-¢, 1 I-¢, Y I-¢, D75 wh P
(1992) [26] ’ I-¢, I-¢, I-¢, where £y, = 23
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Figure 6.6 Wicking height vs. time plot for water absorption in the 13%FC
CMC/Cellulose composite-paper strip using the capillary-model permeability and
different values for the absorption coefficient b. Experimental data are from Ref

[22].
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6.3.3 Wicking Predictions

The derived formula for the height of wicked liquid, Eq (6.23), has the
absorption coefficient b, which is directly related to the absorption of liquid by
solid matrix of a porous medium. Figure 6.6 plots the growth of wicking height for
water using the capillary-model permeability [Eq (6.32)] for different values of b
and compares such predictions with Schuchardt and Berg’'s experimental data
[22]. According to the figure, predictions of Darcy's law employing the capillary-
model permeability improve with an increase in b: a value of b between 0.9 and
1.0 leads to a very good match with the data. A reason for the increase in the
average wicking height can be proffered as follows. Based on Figure 6.6, as b
increases from 0 to 1, the distance traveled by the wicking front or the wicking
height decreases. Note that as b approaches unity, the net value of the
volumetric source term on the right hand side of Eq (6.11) goes to zero, meaning
that less liquid is available in the pores to push the liquid-front forward.

Figure 6.7 compares the wicking height predictions by the modified
Washburn equation with the modified Darcy's law [Eq (6.24) with the absorption
coefficient b = 1 and the capillary-model permeability Eq (6.32)]; we note that
both the models predict identical growth in wicking heights. It is not surprising to
obtain the same predictions from the two models, since the capillary-model
permeability is used in the modified Darcy’s law approach, while the modified
Washburn equation is based on the capillary model [8]. However, since the
modified Washburn equation is an accepted model for wicking in a class of

swelling porous material, the flawless comparison verifies our key assumption of
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Figure 6.7 A comparison of predictions by the modified Washburn equation (Eq

(6.4)) and the modified Darcy's law with ‘b=7" (Eq (6.23)) while using the
capillary-model permeability.
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Figure 6.8 Wicking height vs. time predictions for the wicking of water in the
13%FC CMC/Cellulose composite-paper strip using the Darcy's law-based model
with different formula for the permeability of particulate porous media. The
predicted values are compared with the modified Washburn-equation predictions
and the experimental data of Schuchardt and Berg [22].
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Eq (6.9). In essence, using the capillary model for permeability, and considering
b to be unity, leads to the same prediction from Eq (6.24), as given by using Eq
(6.4). This indicates that in the newly proposed wicking model based on Darcy’s

law, the value of 'b' should be either one or very close to one.

Figure 6.8 shows the predictions of wicking height against time for water
absorption in the 13%FC CMC/Cellulose composite-paper strip using the
different models for permeability for porous media made from particles. Here, Eq
(6.24) based on the modified Darcy’s law model is used for the wicking
prediction, where b is unity. The empirical formulas for permeability as a function
of porosity are listed in Table 6.4, while the porosity changes with time according
to Eq (6.28) or Figure 6.3. The prediction of the modified Washburn equation is
also shown in Figure 6.8 for comparison. It is clear that Schuchardt and Bergs'
model matches with the experimental data better that any other models (this is
not surprising since the model gets its values of parameters R, and a after fitting
the experimental data [22]); however, among the empirical formulas used for
permeability in the proposed Darcy's law based model, the Terzaghi, Fehling,
and Rose formulas fare the best against the experimental data, although the
predictions from other formulas are also reasonable.

Figure 6.9 shows the wicking predictions using the different permeability
models for fibrous porous media. (The empirically obtained or theoretically
derived formulas for these permeability models are listed in Table 6.5.) It is clear
that prediction using the capililary model for permeability best agrees with the

experimental data. Since we have the measured pore-radius values as a function
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of time for this specific experiment from [22], it is not surprising that the capillary
model, which relies on these values, performs the best. [f we had measured the
porosity separately, then we could have seen better predictions from the other
models. Among the empirical formulas for permeability, the Davies and Chen

model seem to fare well against the experimental data.
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Figure 6.9 Wicking height vs. time predictions for the wicking of water in the
13%FC CMC/Cellulose composite-paper strip using the proposed Darcy's law-
based model with different formula for the permeability of fibrous porous media.

The predicted values are compared with the modified Washburn-equation
predictions and the experimental data of Schuchardt and Berg [22].

6.4 Summary and Conclusions

In this chapter, the wicking of liquid into a paper-like swelling porous
medium (a composite paper made formed from a network of cellulose and

superabsorbent fibers), is studied theoretically. This work is built on a previous
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study by Schuchardt and Berg [22], in which a modified Washburn equation was
used to predict liquid absorption in the composite paper. Here, we propose a new
theoretical approach in which Darcy’s law is coupled with a modified continuity
equation, characterized by sink and source terms representing the effects of
liquid absorption into fibers and their subsequent swelling.

The wicking predictions obtained from the newly proposed wicking model
compare well with the previous theoretical predictions of the modified Washburn
equation, as well as the experimental data of Schuchardt and Berg [21-22]. It is
observed that the proposed model performs the best when it is assumed that the
volume of liquid absorbed into the fibers is equal to their volumetric expansion.
An estimate of change in porosity with time for the proposed model is obtained
from the published data on changes in hydraulic radius with time during wicking
in the composite paper. This porosity change, when fed to several pre-existing
permeability models, with their permeability values being a function of porosity,
gives an estimate of changes in permeability in the paper. Of the several
permeability models considered, the models by Terzaghi, Fehling, and Rose for
porous media formed from particles, and the models by Davies and Chen for
porous media formed from fibers, perform the best when coupled with the
proposed wicking model.

The new Darcy’s law-based approach has an important advantage over the
Washburn equation-based approach, as the former can be extended into two-
and three-dimension wicking situations, while the latter Washburn model is

restricted to one-dimensional flows [23]. The Darcy’'s law based approach has
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some advantages over other wicking models based on multi-phase flows, as
well. The proposed model, since it harnesses the simplicity of single-phase flow,
has fewer property values and parameters to be measured; moreover, the
property and parameter values for single-phase flows are relatively simpler to
measure.

Another advantage of the proposed Darcy's-law based model is its
versatility. We have used the model in a preliminary study of liquid absorption in
a porous bed of particles made from superabsorbent polymer'®, and it seems that
this model can improve wicking predictions in such extremely-swelling materials,
as well [30]. We have also applied this theory to model flow in natural-fiber
performs used in the liquid composite molding process for making bio-based
composites, and our first attempt showed that it also works well for this material
[31]. We plan to extend this theory, especially considering other values for the
parameter 'b' of Eq. (9), and study its effectiveness in modeling 2D and 3D flows

in the swelling, liquid-absorbing porous media made from natural-fibers.
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Chapter 7

A GENERAL FORMULA FOR CAPILLARY SUCTION-
PRESSURE IN POROUS MEDIA

7.1 Introduction

Wicking is the movement of liquids into porous media under the action of
the capillary suction-pressure. The difference in the surface energies of the dry
and wet solid matrices leads to the creation of a capillary force at contact lines
which is responsible for pulling certain liquids into the porous media. The
previous researc;h on the wicking phenomenon has been mainly focused on the
relation between the wicking rate and wicking time, the relation between the
wicking rate and the porous medium characteristics, and the wettability or the
contact angle issues. There are two traditional models for studying the wicking
phenomenon mathematically. The older approach is the Lucas-Washburn
equation where the porous medium is assumed to be a bundle of aligned
capillary tubes of the same radii [1, 2]. Another approach is based on the Darcy's
law, which relates the average velocity of a liquid to the pressure gradient within
a porous medium [3]. Both approaches assume full saturation behind a clearly-
defined liquid-front while the liquid is being pulled into a porous medium as a
result of the capillary suction [3, 4]. Note that important parameters for flow
modeling such as the saturated permeability and capillary suction-pressure

(through the Laplace equation) are easily measurable quantities in the clear-
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liquid-front approach. While in the traditional multi-phase flow approach involving
the generalized Darcy’s laws, the relative permeability and the capillary pressure
(as a function of the saturation) are two parameters that cannot be measured
easily [3]. The sharp interface approach is also important in the modeling of liquid
composites molding processes for manufacturing composite materials as it
simplifies the governing equations without the complications of Buckley-Leverett
approach [5-7]. The single-phase Darcy's law approach has advantage of being
applicable to the three-dimensional flows as well as the swelling porous-media
flows [8-10].

The capillary suction-pressure gives rise to the capillary force, which is the
driving force in any wicking phenomenon. There have been a few studies on
modeling the capillary suction phenomenon at the boundaries of the single-phase
flow in porous media. The oldest and well-known relation for the capillary
pressure is the Young-Laplace equation that describes the capillary pressure-
difference across the interface between two static immiscible fluids, such as
water and air, after relating it to the geometry of the surface, the surface energies
of the fluids and solid, and the wettability [11, 12]. The Young-Laplace equation
is named after Thomas Young, who developed the qualitative theory of surface
tension in 1805 [13], and Pierre-Simon Laplace who published the mathematical
description later [11]. It might also be called the Young—Laplace—Gauss equation,
as Gauss unified the work of Young and Laplace, by deriving the governing

differential equation and boundary conditions using the Bernoulli's principles [11].
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The assumption of porous medium to be consisting of a bundle of the
identical parallel capillary tubes aligned with the liquid direction is the basic idea
behind the Young-Laplace equation. This equation can be used even when the
radius of the imaginary capillary tubes vary along the liquid-flow direction [14-186].
Young [14] and Staples and Shaffer [15] used the Laplace-Young capillary
equation and studied the capillary flow in non-circular capillaries. They used a
simple formulation for interface progression in a non-uniform capillary based on
the Lucas—\Washburn equation. Recently, Liao et al. [16] studied the flow in non-
uniform cross-sectional capillaries where, using the Navier-Stokes equations, a
nonlinear, second-order differential equation was derived to predict the rise of a
liquid in such capillaries. The Young-Laplace equation was shown analytically to
be valid for capillary tubes of non-uniform radii.

One of the biggest challenges in using the Young-Laplace equation is the
estimation of the capillary radius. Since real porous media with tortuous fluid
paths are not bundles of the identical, aligned capiilary tubes, so some
assumptions must be made to estimate the 'equivalent capillary-radius’' for a real
porous medium. The most accurate method of estimating the equivalent
capillary-radius is the capillary rise experiment, in which the surface energy is
balanced by the gravitational potential energy [17, 18]. Masoodi et al. [19] and
Chwastiak [20] used the indirect measurement of hydraulic radius to estimate the
capillary radius. In this method the pressure drop through the porous medium is
measured and the Hagen-Poiseuille law is applied to find the equivalent

hydraulic-radius. Studies show that though the hydraulic and capillary radii (or
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the wet and dry radii, as named by Chatterijee [21]) are two different
characteristics, they are frequently used interchangeably [18, 21].

The analysis of the micrographs of any porous medium is another way of
estimating the equivalent capillary-radius. Benltoufa et al [22] and Chatterjee and
Gupta [23] fitted circles in the pore space between particles and suggested the
circle radii to be considered as the equivalent capillary-radii. Dodson and
Sampson [24] defined the capillary radius as the radius of a circle whose
perimeter is the same as that of the pores. Indirect measuring of the hydraulic
radius is another method used by some researchers [18, 25, 26]. In this method,
the pressure drop along the porous medium is measured and then the Hagen-
Poiseuille law is employed to calculate the hydraulic radius of the imaginary
capillary tubes. Some researchers suggested the radius of the largest sphere (or
circle in the case of using a 2-D micrograph) that could be fitted in the inter-
particle pore space to be considered the capillary radius [27].

The capillary pressure in fibrous material is another éhallenge that attracted
attention of some researchers. Usually the capillary pressure is considered a
function of the porosity, fiber size and orientation, and flow direction. Wicking
along the fibers was studied by Chwastiak [20], Amico and Lekakou [28], and
Williams et al. [29]. The wicking across the fibers was studied by Senoguz et al
[30], Ahn et al. [31], Lekakou and Bader [32], and Pillai and Advani _[33]. In all
these studies, different expressions for the capillary pressure along- and across-
the-fibers were suggested or experimentally validated. The capillary pressure in

woven fabrics was also studied experimentally by Ahn et al. [31]. In nonwoven
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fabrics, the capillary pressure was found to be a function of porosity, fiber size
and orientation, and flow direction [34].

The measurement or estimation of the capillary radius is the key to finding
the correct capillary pressure, and thus to modeling the wicking in porous
materials accurately. As reviewed above, the capillary-radius prediction is still a
challenge and several different methods for estimating it have been presented.
The literature survey also showed that some of the models are not consistent
with each other. In this Chapter, we present a general theoretical expression for
the capillary radius, based on the Young-Laplace capillary-pressure equation.
Our goal is to unify some of the previously suggested expressions into a single
general relation. Later, we validate the expression by deriving the capillary
pressure or capillary radius expressions for some simple cases where the
analytical relations and experimental data are available. We also show how this
proposed expression can be used to find the capillary radius in complex
geometries. One of the advantages of this new approach is the possibility of
using images and micrographs of porous media to estimate the local capillary
pressure. Furthermore, one can also use the statistical information on particle's

size and shape to estimate the capillary radius.

7.2 Derivation of a General Formula for Capillary Suction-

Pressure

We apply the energy balance principle to the wicking process to find a

general expression for the capillary suction-pressure. For a liquid being absorbed
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by a porous medium as a result of the capillary action, the statement of energy
balance can be listed as

dE, =dW +dE, +dE, +dE, +dW, +dE, (7.1)

where Eg; is the surface energy of the dry surface, W, is the capillary work, E, is
the surface energy of the wetted surface, E; is the inertial energy needed to
accelerate the liquid from zero to the wicking velocity, Ex is the kinetic energy of
the liquid, W, is the work done against gravity, and E,s is the energy dissipated
due to viscosity. The inertial and kinetic energies are usually negligible as the
wicking speed is quiet low [18]. We can also neglect the gravity work W ;
however, it is possible to include it later through the Darcy's law if it plays a major
role in the wicking process [19]. The viscous dissipation is a significant term that
is related to the microstructure of the porous medium and the liquid viscosity. In
using the Darcy's law, the effect of such dissipation is included through the
permeability and the viscosity, so we can neglect this term at this stage. After
dropping the negligible terms, Eq (7.1) reduces to

dw, = dE, (7.2)
where dE =dE, —dE, . Eq (7.2) indicates that the capillary-pressure work is

equal to the difference between surface energies of the porous medium before
and after getting wet. Note that a wet surface has lower surface energy than a
dry surface. Therefore, the right hand side of Eq (7.2) is always positive and is

expressible [26] as

dE, =(y, — 7. )dA,, . (7.3)
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where y, is the surface energy of dry surface, y  is the surface energy of wet

surface, and dAuss is the change in the solid-surface wet area. According to the
Young's equation [12], the contact angle and surface energies are related

through

cos@ = Lo " Vw (7.4)
7

in which y, is the surface energy of the liquid and ¢ is the contact angle of liquid
at the solid- liquid interface. Combining of Eqs (7.3) and (7.4) yields the
expression

dE =y, cosfdA, (7.5)

Figure 7.1 A schematic of particles and void areas in a cross-section of the
porous medium.

If we assume the porous medium to be composed of particles of different sizes

(Figure 7.1), and if Cjy s, is the cross-sectional perimeter of a solid particle '/’ at
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the interface, then the total surface-area of the solid matrix wetted by the

invading liquid can be approximated as

dAw.v,.\- = Z Cim,x,/ dh/ (76)

where dhy is the small increment caused by the liquid-front movement. The
summation is over all particles at the interface. Note that we assumed the
perimeters of particles at interface, Cintsi, to remain constant during the interval
of dhy. If we further define Cjysto be the total cross-sectional perimeter of solid

particles at the interface in so called the representative elementary area or

REA" ie. C, =3 .C,., , then Eq (7.6) simplifies to

dAws,s = Cim,sdhf (77)

On replacing dAys s of Eq (7.5) with the expression from Eq (7.7), we get

dE, =y, cos0C,, dh, (7.8)

The work by the capillary pressure to move the fluid front by dh, is given by
dW, = F.dh, (7.9)
where F is the capillary force that pulls the liquid front through the pores of the

porous medium. According to the definition of pressure, the capillary force is
related to the capillary pressure through the relation

(7.10)

int,v

F.=PA

" REAis typically much bigger than the solid particle in a porous medium and is often employed
to average flow-variables while modeling flow through porous media [3].



175

where Ay, is the total void area at the interface. The cross-sectional area of solid

particles, 4 =2Am,,s,,., and the cross-sectional area of the void space,

int,s

4, = ZA,.W_, , are related through

A A

intv = J_g ints

7.11)

where € is areal porosity?®. Combing of Eqs (7.9), (7.10) and (7.11) transforms

the capillary-work expression to

&
dWC :])C:Aint’sdh/ (712)

On using Eqgs (7.8) and (7.12) in Eq (7.2), the following relation is obtained for the

capillary suction-pressure.

p = 21.c08(0) (7.13)
Re
Here R,, the equivalent capillary-radius, is defined as
A.
R =2 1S _¢ (7.14)
Cim‘,s I-¢

Eq (7.13) gives the local value of the capillary pressure by estimating the local
equivalent capillary-radius using Eq (7.14)?". (Note that definition of Eq (7.14) is

based on the geometry of solid particles in the porous medium.) The equivalent

? The ‘area’ porosity averaged over a length, perpendicular to the area, is identical to the
volume-based porosity [3] where the latter is defined as the ratio of the total pore-volume (within a
representative averaging volume or REV of the porous medium) to the REV volume.

2! Hassanzadeh and Gray [35] suggested the use of a statistical average in the vicinity of a
considered point in the porous medium and rewrote Eq (7.13) as P, = 2(y,)cos({(8))/(R,)

[4

where the brackets represent the averaging of quantities within an REV.
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capillary radius, which is defined at the liquid-air interface, can also be related to
the geometry of void spaces through

4
R, =2-1Y (7.15)

e

int,v
which is also a definition of the hydraulic radius. Note that the total perimeter of
solid particles, Ciyys is equal to the total perimeter of the void spaces, Ciyy
(Figure 7.1), and the sectional areas of solid particles, Ai,:s and void space, A,,,t,v

are related through Eq (7.11). In other words, Egs (7.14) and (7.15) are identical.

7.3 Verification of the Capillary-Pressure Relation

In order to verify the general capillary-pressure relation of Eq (7.13) (or
more specifically, Eqs (7.14) and (7.15)), we will show that for some simple
cases, where we already have other verified formulas for the capillary pressure,
the capillary-pressure relations obtained using the newly proposed expression

are identical to the established formulas.

7.3.1 Flow in the Porous Media with a Constant Ratio of the Volume to
Wetted Area in Particles

Suppose there is a porous medium with the following assumptions:

1. The medium is composed of randomly distributed particles of the same shape
but different sizes.

2. The ratio of volume to surface area for all particles is a constant.

3. The porous medium is homogeneous.
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A medium composed of aligned parallel-fibers is an example of such a porous
medium. Assume V; and S; to be the volume and surface areas of particles in an
interfacial volume??. If L is the thickness of the interfacial volume, then employing

the third assumption, one can propose that

nV
ints =" (7.16a)
cmx=f§- (7.16b)
S

where n is the number of particles within the interfacial volume. Note that Eqs
(7.16a) and (7.16b) estimate the averages of the interfacial area and perimeter;
but since the medium is homogeneous, so the local interfacial area and
perimeter are deemed identical with their averages. Based on the first and

second assumptions, we have

4
=t _ Am (7.17)
s ¢C

K int, s

where I is the ratio of the volume to surface area of solid particles, which is a
constant based on the second assumption. Using Eq (7.17) result with Egs (7.14)

and (7.13) leads to a relation for the capillary pressure as

_1-eycos(0) (7.18)

P,
& I

Eq (7.18) is identical to the expression for P, derived and experimentally

validated by Masoodi and Pillai for modeling the wicking flow in wipes [10].

22 |nterfacial volume is an imaginary volume of a certain thickness at the liquid-front location,
parallel to the sharp interface.
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7.3.2 Flow along Capillary Tubes with a Fixed Radius
It is common to follow the Lucas-Washburn approach and assume a porous
medium composed of aligned capillary tubes [1, 4]. If such imaginary capillary

tubes have the same radius r. , then
A =nmw’ (7.19a)

Coy = n(270,) (7.19b)

On using Eqgs (7.19a) and (7.19b) in Eq (7.15), one gets the equivalent capillary
radius as
R =r, (7.20)

On substituting Eq (7.20) into Eq (7.13), we can express the capillary pressure as

p =220 (7.21)

rL‘

which is identical to the famous Young—Laplace relation for capillary pressure

[24].

FLOW FLOW
a) Flow along fibers b) Flow across fibers

Figure 7.2 Flow through a fiber-bank.
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7.3.3 Flow along a Bank of the Same-Radius Fibers

In the composite processing community, the flow of resin along or across a bank
of parallel fibers is a convenient idealization for modeling the wetting of fibers.
For the case of flow along a homogeneous bank of the same-size fibers (Figure

7.2a), the sectional area and perimeter of fibers at the interface are

Ay, =nur} (7.22a)

int,s

Cps = 2077, (7.22b)

where n is the number of fibers and ry, is the radius of fibers. Using Eqgs (7.22a)

and (7.22b) in Eq (14) gives the equivalent capillary radius as

g
R, = i
1-¢

(7.23)

Substitution of R from Eq (7.23) in Eq (7.13) gives the following expression for

the capillary pressure for flow along fibers

PC:2]—€}/COS(9) (724)
& }"/b

which is identical to the expression used by Chwastiak [20], Amico and Lekakou

[28], Williams et al. [29], and Ahn et al. [31] for wicking along a bank of parallel

fibers.

7.3.4 Flow across a Bank of the Same-Radius Fibers
For flow across a bank of uni-radial fibers (Figure 7.2b), the maximum sectional
area and perimeter of fibers at the interface are

A, =2nl,r, (7.25a)
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Cois =20(1 4 +2r;, ) (7.25b)

int,s

Since the radius of fibers r can typically be taken to be negligible in comparison
to the fiber length Iy, i.e. [, >> 2r, , therefore, by neglecting the second term on
the right side of Eq (7.25b) and by using Eqgs (7.25a) and (7.25b) in Eq (7.14), the
equivalent capillary radius is determined as

£
R, = 2rﬂ,

(7.26)

l-¢
Replacing the capillary equivalent radius in Eq (7.13) with this expression yields

the following expression for the capillary pressure across fibers

_1-¢e7,cos(0) (7.27)

) I’/b

P

¢

which is identical to the expression suggested and verified for flow across a fiber-

bank by Senoguz et al [30], Ahn et al. [31], and Lekakou and Bader [32]%.

7.3.5 Flow across a Porous Medium Made of Spherical Particles

Some porous substances, such as sand or commercial wicks, can be
thought of as composed of spherical particles of different sizes. For an isotropic
porous medium composed of compact spherical particles with different radii, we
can estimate the averages of interfacial area and perimeter as

) x[rardr)

Aml ¥

(7.28a)

2 pillai and Advani derived an equation for capillary pressure across a fiber-bank, which is similar
to Eq (7.27) but without porosity term in denominator [33]. The reason of such a difference is that

they related the capillary pressure to capillary forces through the relation F, = P4, , which is
perhaps less accurate than Eq (7.10) used here.

int '
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09 1 + Test Results
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Figure 7.3 Wicking predictions using the Darcy's law and different models for the
capillary suction-pressure. The wick was put in contact with a liquid at one end
while the other end was connected to a microbalance to measure the weight of
the wick changing as a function of time. The E.B. Model with gravity, where the

capillary pressure was estimated using Eq (7.34), predicted the best results [16].

The variable m is the absorbed mass in grams and t is time in seconds.

47r_rr2¢(r)d(r)
int,s = L

(7.28b)

where L is the thickness of the interfacial volume and ¢(r)is the probability

density function for radius r, such that
[#(ridr)=1 (7.29)

Note that since a finite number of different radii are often present in a typical
porous medium, the use of the probability density function turns the discrete radii
into a continuous function and hence we can use the integrals. Using Eqs (7.28a)

and (7.28b) in Eq (7.14) gives the equivalent capillary radius as

14
R =22_%

sp
T3

(7.30)

I-¢

where rs,, the effective spherical radius, is obtained from the expression
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[rrodcr 7.3
y =—_a7T"""" .
T [P erde)
On substituting of Eq (7.30) in Eq (7.13), the capillary-pressure expression
changes to
p —3lzE7icos(9) (7.32)
£ v

'
Eq (7.32) is identical to the equation that was derived and experimentally
validated for wicking in polymer wicks by Masoodi and Pillai [19] (Figure 7.3). In
case all spherical particles have the same radius, then from Eq (7.31), it is clear
that rsp, is identical to the radius of particles and Eq (7.32) is identical to another

expression reported by Dullein [26].
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(1-e}/(e*Dfy (1/4um)

Figure 7.4 A previous experimental study on the estimation of the capillary
pressure in woven fiber-mats [31] showed a linear relation between the

capillary pressure and (1-¢)/eD, . Here different types of woven fiber-mats

were used to measure the capillary pressure using the method of rising liquid-
front.
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7.3.6 Flow in Woven Fibermats
Ahn et al. [31] did some flow experiments with a set of woven fabrics and
showed that the relation between the capillary pressure and the term

(1-¢)/(eD,) is linear as seen in Figure 7.4. (D; is the average diameter of

fibers.) It proves that Eq (7.14) is valid for woven fiber-mats as well. We expect
the equation for the equivalent capillary radius to be similar to Eq (7.26) with a

coefficient between 1 and 2 for woven fiber-mats.

7.4 Applications of the Suggested Formula

After the validation of our suggested model, we now show how it can be used in
research and industrial applications. In this section, we will briefly describe some

applications of the suggested general expression for capillary pressure.

7.4.1 Deriving New Expressions for Capillary Pressure

One of the intended applications of proposed capillary-pressure formula is the
derivation of new capillary-pressure expressions for novel kinds of porous media
for which we do not have such expressions. Here, we show how the suggested
general formula can be applied to derive specific expression for capillary

pressure in porous media with complex microstructures.

7.4.1.1 Flow Along Capillary Tubes of Different Radii

Assume a porous medium to be composed of capillary tubes aligned with the
flow; if such capillary tubes have a spectrum of discrete radii, then using Eq

(7.15), one can find the equivalent capillary radius to be
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znlﬂrczi
R, = ' (7.33)

¢« Z”t””c,,-
where n; is the number of capillary tubes corresponding to the radius r;;. If we
replace the number of capillary radius, n;, with probability density function ¢(r ),
then the summation turns into an integration and the equivalent capillary radius
can then be expressed as

[riecrydcr)

, = (7.34)
[récridcr)

Note that if the radii of capillary tubes are equal, then Eq (7.34) turns to Eq
(7.20).
Use of Eq (7.34) in Eq (7.13) yields a new expression for the capillary

pressure that should be effective in a medium made of a range of capillary tubes.

7.4.1.2 Flow Along a Bank of Variable-Radii Fibers

Assume a porous medium to be composed of a bank of fibers of different radii,
then using Eq (7.14) and the same methodology that was used for Eq (7.23), we

can derive the equivalent capillary radius to be

R o 2Tk (7.35)

‘T
—& Y nary,

If we replace the discreet set of radii by a continuous spectrum of radii, then the

summation will change to integration and the frequency n; corresponding to the

fiber radius rp; will be replaced with a probability density function ¢(r).

Consequently the expression for the equivalent capillary-radius will change to
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. 2 d
o £ [riocridcr) 736)

I=¢ [rg(rid(r)

Note that if the radii of all fibers are equal, then Eq (7.36) changes to Eq (7.23).
Use of this expression in Eq (7.13) yields a correspondingly new expression for

the capillary pressure.

7.4.1.3 Flow Across a Bank of Variable-Radii Fibers

Assuming the porous medium to be composed of parallel fibers of different radii,
we can use Eq (7.14) to derive the equivalent capillary-radius for flow across

such a fiber bank as

N .
R =25 2, (7.37)

: ]_5an(l./b+2’"/b,f)

Once again for [, >> 2r, Eq(7.37) can be simplified to

R :g_g_Zir_fL’ (7.38)
I-¢ N

where N = Zn, is the total number of fibers. On using the probability density

function, ¢(r ), the expression for equivalent capillary radius changes to

R =2-% [récrdcr) (7.39)

‘ I—-¢¥
Note that if the radii of all fibers are equal, then Eq (7.39) changes to Eq (7.26).
Use of this expression in Eq (7.13) will yield a correspondingly new expression

for the capillary pressure.
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7.4.2 Using Experimental Measurements to Estimate the Capillary Suction-
Pressure

There are some experimental methods, such as the mercury porosimetry,
that estimate the pore-size distribution in a porous medium. We can use the
relations suggested here, i.e. Egs (7.33) to (7.39), to use the pore-size
distribution for estimating the capillary suction-pressure. We can also use Eq
(7.36) or (7.39) to estimate the capillary pressure after using the fiber-radius
distribution. One obvious application is the flow through a fiber-bank where one
can use the probability density function for fiber radii or the histogram for fiber
radii to estimate the equivalent capillary radius, which then leads us to the
capillary suction-pressure.

One important application of the developed equation for the equivalent
capillary radius is the use of micrographic photos of the porous medium to
directly measure the equivalent capillary radius using Eq (7.14) or (7.15). The
previous methods were using the radius of the largest sphere that fits the pores
[27], the radius of a circle with equivalent area [22, 23], the radius of a circle with
equivalent perimeter [24], and the hydraulic radius [25, 26]. Our method based
on Eq (7.14) or Eq (7.15) is developed using the energy balance principle. This
method proposes a unified approach applicable to any complex porous material

that may be significantly inhomogeneous.
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7.4.3 Study Changes in the Capillary Suction-Pressure
If we define the significant length-scale in the porous medium at the liquid-gas
interface as the ratio of the liquid cross-sectional area and the wetted perimeter,

e. =4, /C,  then such length-scales of solid particles and void spaces can

be expressed as

A.
nt,s
A, = 203 (7.40a)
Cint,s
A.
int,v
A, =Y (7.40b)
C!nt,v
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Figure 7.5 Change in the dimension-less capillary radius ( R, ) with porosity.
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Figure 7.6 Changes in the solid-based equivalent capillary radius with the

A nondimensional capillary radius can be defined as R, = R, / 1. Therefore, the

porosity and the solid-based significant length.

solid-based and void-based dimensionless capillary radii are expressible as
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R o=R_,2 (7.41a)
A, l-¢

Ro=R_, (7.41a)
)

through the use of Eqs (7.14) and (7.15). Figure 7.5 shows how the
“dimensionless capillary radii vary with porosity. As porosity increases, the solid-
based capillary radius increases, while the void-based capillary radius remains a
constant. Figures 7.6 and 7.7 show how the equivalent capillary radii
(dimensional form) change with the porosity and significant lengths. Figure 7.6a
shows that when the solid-based significant length remains a constant, the
equivalent capillary radius increases as porosity increases. It also shows that the
relative effect of porosity change on the equivalent capillary radius increases as
the porosity increases. In the other words, the sensitivity of capillary radius to the
porosity increases as the porosity increases. Figure 7.6b shows that when the
porosity remains a constant, the equivalent capillary radius increases as the
solid-based significant length increases. It also shows that the solid-based
significant length linearly affect the capillary radius.

Figure 7.7a displays that when the void-based significant length remains
constant, the equivalent capillary radius remains at a fixed value while the
porosity increases. Figure 7.7b shows that when the porosity remains constant,
the equivalent capillary radius increases linearly with thé void-based significant
length. For example, if the void-based significant length is 7, then for all
porosities the equivalent capillary radius is 14. Both Figures 7.6b and 7.7b

indicate that the capillary radius increases with the significant length, which



190

according to Eq (7.13) leads to a lower capillary pressure. The effect of these
changes can be better seen in the dimensionless capillary pressure. If we define
a dimensionless capillary pressure as

P = N (7.42)
2y,cos(0)/ A

then the solid-based and void-based dimensionless capillary pressures are

P = (7.43a)

(7.43b)

Figure 7.8 displays how these pressures change with porosity: the solid-based
capillary pressure decreases as the porosity increases, while the void-based
capillary pressure remains a constant. Both values of capillary pressures are
identical when the porosity is 0.5. It also shows that for porosities less than 0.5,
the solid-based capillary pressure is larger than void-based capillary pressure.
For porosities above 0.5, this is opposite, meaning the void-based capillary
pressure is the larger one.

In this section, we showed the general forms of the dimensionless
capillary pressure and studied its change with porosity. The dimensionless
formulation is important as it is a general formula that can be applied to any kind
of porous medium. One important potential application of the above formulas for
the capillary pressure is in the design of absorbing media or in the estimation of

the capillary suction-pressure in porous media.
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Figure 7.7 Changes in the void-based equivalent capillary radius with the

porosity and the void-based significant length.

For example, assume a vertical wick is being designed to deliver a liquid

from a reservoir to the atmosphere. If the size and shape of the beads as well as

the wick size are known, then the porosity for the wick is needed to complete the
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formulation. Since the length of the wick is known, so the minimum capillary
pressure required to raise the liquid to the top of the wick is estimated using
P = pglwhere [ is the length of the wick. Since bead parameters are known, so
As can be calculated using Eq (7.40a), and then one can find P_ using Eq (7.42).

Finally one can find the required porosity through the use of Eq (7.43a).
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Figure 7.8 The relation between the dimensionless capillary pressure and the

porosity.

7.5 Summary and Conclusion

Application of the energy balance principle during the wicking process in a
porous medium leads to the development of a general expression for the
capillary suction-pressure for porous media flows involving a sharp liquid-air
interface or a liquid front. The developed formula for the capillary pressure is

studied as a function of the microstructure of the porous medium. To validate the



193

suggested formula, six different cases from the literature with valid expressions
for the capillary suction-pressure were studied. It was shown that the newly
suggested formula reduces to the cited expressions for the capillary suction-
pressure for the studied cases.

The new proposed equation was also used to derive expressions for the
capillary pressure in three different porous media composed of particles or voids
with different size distributions. The proposed formula was shown to be
applicable to such complex porous media as well. The suggested model was
shown to apply to both the homogeneous and inhomogeneous porous media.
One important application of the proposed formula is the possibility of using the
macrographs of porous media directly to estimate the capillary suction-pressure.

We also studied the dimensionless capillary radius and capillary pressure.
It was shown that dimensionless pressure decreases as the porosity and
significant length-scale increases. It was also shown that the solid-based
dimensionless capillary pressure is a decreasing function of the porosity, while
the void-based dimensionless capillary pressure is constant for all kinds of
microstructures in porous media. The proposed expression for the capillary
pressure can be used to design high-efficiency absorbing materials such as

wicks.
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Chapter 8

FLOW MODELING IN NATURAL-FIBER PREFORMS
USED IN LIQUID COMPOSITE MOLDING

8.1 Imbibition

Polymer composite materials are replacing many of old conventional
materials nowadays. Fiber-reinforced composite polymers have several
advantages over conventional materials, such as low weight, low cost, and easy
processing. In recent years, many researchers started investigating using natural
fibers instead of inorganic common reinforcement fibers [1]. Natural fibers have
some advantages over synthetic fibers such as lower cost, acceptable properties,
lighter weight and recyclability [2].

Liquid Composite Molding (LCM), especially Resin Transfer Molding (RTM)
which involves injecting a liquid resin into a closed mold containing compressed
reinforcing material, is a common method used by engineers in producing
natural-fiber reinforced thermosets [1]. The application of Jute fibers as
reinforcement was studied by Rowell et. al. [3] and O'Dell [4], where they showed
that jute composite can be used in a large number of applications.

The modeling of liquid flow in RTM has been studied by several researchers
[5, 6]. One of the important parameters in RTM flow modeling is permeability,
which is a tensor and is measured using 1-D and radial flow methods [7, 8].

Studies have showed plant fibers such as jute can swell in liquids by about 22%
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of the initial fiber volume [9]. The swelling phenomenon adds another difficulty to
the permeability measurements. The previous studies on liquid modeling through
jute fiber reinforcement composites assumed that the permeability remains
constant during the mold-filling process while ignoring liquid absorption and
swelling [10-13].

As shown above, nobody has studied the liquid transport in jute fibers after
incorporating the fiber swelling phenomenon. We have suggested a model for
permeability that worked for modeling the liquid flow in cellulose based swelling
materials [14]. The suggested variable permeability model worked well for the
wicking predictions in such media. Here we apply the same approach to model
the liquid flow in swelling natural-fiber reinforcements. We assume a simple
function for permeability and show how it improves the flow modeling, when used
with a swelling-causing liquid. We have used two liquids, where one leads to
swelling while the other does not affect the fiber diameters. This preliminary
study shows that with some assumptions one can estimate the changes in
permeability with time and use the estimated function to improve the liquid flow

modeling in LCM involving natural fibers.

8.2 Mathematical Theory

8.2.1 Flow Modeling in Rigid Porous Media
The single-phase flow in an isotropic and rigid porous medium is governed by
Darcy's law and the continuity equation of the form

v-_Kyp (8.1)

H
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V-Vv=0 (8.2)
where V and P are volume-averaged liquid velocity and pore-averaged
pressure, respectively [15]. It is shown that in the case of a one-dimensional flow
in a medium with constant permeability and with a constant driving pressure in
the form of a steady inlet-pressure, the combination of Eqs (8.1) and (8.2) leads

to an equation for liquid-front location in a 1-D flow mold [16] of the form

4&:/ﬂﬁlt (8.3)
Eg M1

where X, is the x coordinate of liquid front, ¢,is the initial porosity (which is a

constant here), and P, is the constant inlet-pressure.

8.2.2 Flow Modeling in Non-Rigid, Swelling, Porous Media
For a non-rigid, swelling porous-medium, Eq. (8.2), the continuity equation, is
modified to the following form to include structural change due to swelling as well
as the sink or source effects due to liquid absorption [14]. |
v.vo-s-2 (8.4)
ot

As was proposed in Ref [14], we assume S to be linearly proportional to%f—, ie.,

dve
dt

S=b (8.5)

The coefficient b, which we called the absorption coefficient, must fall in the

range 0<b<1. Combining Egs. (8.1) and (8.4) after employing Eq. (8.5) for the
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sink (suction of liquid into fibers) term leads to following analytical relation for

liquid front [14]:

, 0-5)=

2P )=
X, = \/ R Y (Y7 (8.6)

E M
The details of derivation Eq (8.6) are in Ref [14]. (Note that in deriving Eq (8.6),

the pressure drop driving the flow came from the inlet pressure P,

. while
deriving a similar expression in Ref [14], the pressure drop driving the wicking
flow came from the suction pressure induced at the flow-front. In the present
derivation, the suction pressure is ignored due to its much smaller magnitude
compared to the inlet pressure.)

For the special case of b = 1, when the swelling rate of fibers matches the

volumetric absorption rate into the fibers, the relation (8.6) simplifies to

X, = [ 2o [kt (8.7)
&M

Note that Eq. (8.7) was used in our predictions. Note that in the case of having a
constant permeability in fiber preform, Eq. (8.7) reduces to Eq. (8.3). Our main
assumptions in deriving Eq. (8.6) are as follows:
1. The absorption rate of liquid by fiber mats is linearly proportional to the
rate of change of fiber volume fraction, i.e. Eq. (8.5).
2. The porosity and permeability are considered to be constant through out

the whole wet fibermats and are only function of time, i.e. £ = g(t), K=K(t).

3. The effect of gravity on the liquid transport is neglected.
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Figure 8.1 The experimental setup used for permeability measurement and liquid
front tracking during 1-D flow in a flat RTM mold.
8.3 Experimental Study

In our experimental study, we have used a common 1-D flow test setup and a

RTM machine (Figure 1). The RTM machine was a Hypaject model MK1 that
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was connected to a shop air source of 6 bars. Both test liquids were drawn into
the machine, and then injected into the mold at a constant pressure. The RTM
machine had the possibility to set the injection pressure to a desired constant
pressure. Reinforcement for the experiment consisted of sections of jute gunny
bags obtained as waste from a coffee shop. As shown in Figure 8.1, several
layers of jute fiber mats were stacked in the middle of the flow channel to create
a fiber preform. The flow with constant pressure enters the front area of the mold
and moves through the fiber mats. A transducer is used to record the pressure of
liquid entering the fiber preform. A camera placed on top of the transparent top-
plate of the mold is used to track the liquid-front location; so we were able to
record the liquid-front location as a function of time by reviewing the movies.

We have used two different liquids in our tests—motor oil and diluted corn
syrup. The jute fibers do not swell in motor oil while they swell in diluted corn
syrup. Our effort is to show how we can theoretically predict liquid-front location
in case of using a swelling-causing liquid. The reason for using diluted corn-syrup
is to match the viscosity of the syrup with that of the motor oil (which is similar to
that of a thermosetting resin used in RTM) while at the same time having the
fiber-swelling property. The viscosity of motor oil at the test temperature was
found to be 245 mPa.s; in order to reach this viscosity, we had to add water to

the corn syrup such that 20% of the final solution was water.
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8.3.1 Measuring the Porosity and Permeability

Porosity is the ratio of void volume to the whole volume of the compressed
fiber-preform. The importance of porosity is that it indicates the percent of the
mold volume that should be filled by resin. We measured the porosity of the
preform when the mold was stacked with the fibermats. One layer of jute fibermat
with known dimensions was inserted into a burette filled with a known volume of
motor oil. The difference between the volume before and after inserting the
material was measured (see Figure 8.2). Since the number of layers in the mold
is known, the total volume of the jute fibers can thus be computed and the overall
porosity can be estimated. We used 8 layers of jute fiber-mats in the mold to

obtain a preform porosity of 0.5 for our tests.

Figure 8.2. Estimation of fiber volume (which is used later to measure porosity)
by measuring the difference in liquid volumes in a graduated cylinder before and
after the submergence of fiber mats.

Since jute fibers do not swell in motor oil, so the permeability of jute layers

should remain constant during 1-D tests with the oil. We measured the inlet
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pressure and volume flow-rate of the passing liquid under steady-state
conditions, and then the permeability was measured by using the following

relation for steady-flow:

.
K, = Ou Y
AP

mn

(8.8)

The reason for using the subscript zero for permeability in this measurement

is that K,is also equal to the initial (t=0) permeability for the case with diluted

corn-syrup, a swelling-causing liquid. In the case of using diluted corn syrup, we
estimated the permeability right after the liquid-front has reached the end of fiber

preform length, L, at time t,,. If we name this permeability to be K_,, we can

end !

then estimate it as

- Qe (8.9)

end AP

In this estimation, we assumed steady-state flow conditions, and neglected the
effect of liquid absorption on the overall flow-rate Q during the transient mold-
filling process.
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Figure 8.3 The permeability change predicted by Eq (8.10).
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Note that in Eq. (8.8), we used motor oil, while in using Eq. (8.9), we used the
diluted corn syrup. Since we need to have permeability as a function of time to
be able to use Eq. (8.7), here we simply assumed the permeability to be a linear

function of time, i.e. K=C, +C,t. We can use the values of the measuredK,,

K and t_,to find the constants in this permeability function. Therefore, the

end ! end

final relation for permeability is

K(t)=K, P (8.10)

end

The measured values for K,, K and t_, are 4.816 e-10 m, 2.51e-10 m,

end ? end

and 44 s. Figure 8.3 shows how the permeability is assumed to change linearly

based on Eq. (8.10) and above-motioned measured values.

Figure 8.4 Estimation of liquid-front location in jute fiber mats during 1-D flow in
the test setup.
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Figure 8.5 A comparison of the theoretical prediction of liquid-front location as a
function of time with the experimental observations for the case of using motor oil
as test liquid in the absence of fiber swelling.

8.3.2 Measuring the Liquid-Front Position

The liquid-front tracking was done be reviewing the recorded movies. We had
used a scale alongside the fiber mats in the flow mold (Figure 8.4), and by
comparing the liquid-front location with the scale we were able to find the x

coordinate (along the flow direction) of the liquid front at each time. (A stop watch

was used to keep time which was filmed along with the liquid front in the movie.)

8.4 Results and Discussion

The theoretical prediction of the liquid-front position for the case of using
motor oil as a test liquid (which does not induce swelling in jute fibers) is shown
in Figure 8.5; it indicates a very good predictions. However, there are some
variations as the time passes, but the predictions are still very good. The

plausible reason for some variations and differences could be uneven nature of
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flow front (Figure 8.4) related to 1) inherent inhomogeneity in the jute mats, and
2) slight differences in the structure of the fiber mats used in various layers.
Figure 8.6 shows the difference between predictions of the constant
permeability model, Eq. (8.3), and the variable permeability model, Eq. (8.7). In
the beginning, both the models behave in an identical manner; but as the time
passes, the new model predictions are lower than that of the fixed permeability
model. As the front progresses, fibers swell and the permeability deceases, and
one can expect a deceleration of front—this is what is shown by the variable

permeability model.

350
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0 -— e , ; ; : . . )
0 10 20 30 40 50 60 70 80
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Figure 8.6. A comparison of theoretical predictions for the cases of non-swelling
and swelling fibers using the constant and variable K models, respectively.
The variable permeability model is compared with the experimental resuits in
Figure 8.7. It shows that the predictions are in general quite accurate—although
there is some inaccuracy initially, but this difference decreases with time. It also

observed that predictions of the fixed K model are a little higher than the
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experimental data, while predictions of the variable K model are closer to the
experimental data and hence more accurate.

We would like to comment on the observed difference between predictions
and experiments in the beginning in Figure 8.7—note that the differences
decrease with time. The reason is that though we assumed the pressure to
remain constant throughout the experiment, it was not constant in the beginning
of our experiments—the injection pressure was observed to be less than the
desired pressure due to a limitation of our injection setup. This led to higher

theoretical predictions vis-a-vis the experimental data.
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Figure 8.7. A comparison of the theoretical prediction of liquid-front location as a
function of time with the experimental observations for the case of using diluted
corn-syrup as test liquid which is accompanied by fiber swelling.

The variable K model, which has been proven to be quite accurate, assumes

a simple, linear variation of permeability with time. Because of its simplicity, we

did not expect it to have very accurate results;, however, we were pleasantly
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surprised as it was shown to be quite accurate. Note that the two constants in the
linear model were easy to estimate through the use of just two experimentally-
obtained permeability values. If we had used a more complex higher-degree
model, we would have needed many more permeability values to find its
coefficients which in turn would have rendered it less practical.

It is to be noted that in our variable K model, we assumed the porosity and
permeability to be functions of time only. However, to be precise, they will be a
function of both time and space. In such a situation, one will have to employ an
RTM mold-filling simulation to solve Eqgs. (8.1) and (8.4) together to predict liquid
flow in our 1-D mold. So our analytical ‘variable K’ model precludes the need for

such a simulation after adopting some simplifying assumptions.

8.5 Summary and Conclusion

The one dimensional of flow of test liquids is successfully studied through a
bed of jute fibers. Two different test liquids, the motor oil and water-diluted corn
syrup, were used in the 1-D, constant injection-pressure experiment. The latter
induced a swelling in the jute fibers while the former did not cause any change.
The cdnstant permeability model was obtained after assuming the permeability to
be a constant and using the traditional mass-balance equation. The variable
permeability model was obtained after assuming the permeability to be
decreasing linearly with time and using the modified mass-balance equation after
including the effects of liquid absorption and fiber swelling. The constant

permeability model was found to be quite acceptable for the flow of motor oil, a
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swelling inhibiting liquid. However the variable permeability model was found to

be more accurate for the flow of water-diluted corn syrup, a swelling inducing

liquid. However, further experiments with a more reliable injection-pressure setup

are needed for further validation of these conclusions.
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Chapter 9

DARCY'S LAW BASED NUMERICAL SIMULATION FOR
MODELING 2-D LIQUID ABSORPTION INTO PAPER-
LIKE SWELLING POROUS MEDIA

9.1 Introduction

In chapter 6, a method to improve the predictions of liquid absorption in
paper-like swelling porous media was presented where the Darcy's law and
continuity equation were used as the governing equations [1]. The continuity
equation was modified to include the effects of swelling and liquid absorption in
the form of two right-hand-side terms for the rate of porosity change and a sink
effect [2]. The global values for permeability throughout the wetted porous
medium were considered, while neglecting the local variations. Neglecting spatial
dependence in the permeability and porosity simplified the governing equation
and turned it into an ordinary differential equation that could be solved
analytically. However, this assumption, though it simplifies the wicking model,
reduces the accuracy of the model.

Another approach is the use of Locus-Washburn (or Washburn) equation,
which may apply for simple 1-D geometries [3,4]. The swelling effect leads to an
error if the conventional Locus-Washburn equation is employed to predict the
wicking rate in swelling porous media [5]. Therefore Schuchardt and Berg [6]

modified the Locus-Washburn equation for application in some swelling materials
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where they assumed the pore radii in a swelling porous medium to decrease
linearly with time, as a result of the swelling. However, as observed in the
experimental study published by Wiryana and Berg [7], this assumption is not
accurate sometimes.

In general, the Darcy's law based approach is the better approach as it
can be extended to 2-D and 3-D flows [8,9]. However, in the case of complex
geometries, the analytical solution of the governing equations may not be
possible. Another advantage of the Darcy's law based approach is the possibility
of employing numerical simulations for predicting wicking in complex geometries.
Among the different numerical methods, the finite element method has been
extensively employed for modeling flows in porous media [10]. There are several
commercial softwares that can model fluid flow in porous media using FEM, such
as COMSOL and ANSYS; these software can easily model saturated single-
phase flows in simple rigid porous substances, but none of them can incorporate
the swelling effects in the flow model. Therefore, they can not model flows in
non-rigid porous media such as superabsorbent polymers, cellulose fibers, and
paper napkins.

In this chapter, we are going to model a two-dimensional liquid flow in a
porous network of cellulose fibers and powdered superabsorbents. PORE-
FLOW®, a computer program developed in the Laboratory for Flow and Transport
Studies in Porous Media at the University of Wisconsin-Milwaukee [11], is
employed to solve the governing equations. PORE-FLOW® is a comprehensive

computational fluid dynamics (CFD) tool focused primarily on solving the flow
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infiltration/wetting of porous media type problems. The Finite Element/Control
Volume (FE/CV) method is implemented in the code to simulate single-phase
flow behind a clearly observable moving-boundary. The algorithm'is efficient and
robust for solving the moving-boundary problems in complex domain geometries.
We will show how to estimate the local permeability of swelling matrix, which
assumed to be identical to the permeability of each element in the FE/CV
simulation. The estimated function for the permeability will be used to predict the
absorption rate in the swelling porous medium using PORE-FLOW®: the
comparison of the numerical predictions and experimental results indicates a
rather good accuracy in the predictions. Later, we will suggest some ways of
improving the permeability estimation in order to increase the accuracy of

numerical predictions.

9.2 Experimental Study

This research is based on a experimental study conducted at the
University of Washington where Wiryana and Berg [7] studied experimentally the
wicking of water into paper strips consisting of cellulose fibers and different
proportions of powdered carboxymethyl cellulose (CMC) superabsorbent. They
used four different weight percentages of CMC (0%, 10%, 20%, and 30%) in the
paper stripes used in the wicking tests. In order to see the swelling effect, they

studied wicking with two different liquids: n-Octane, as the reference non-swelling
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Figure 9.1 Wicking distance vs. time for n-Octane. (o) 0% CMC; (o) 10% CMC;
(0) 20% CMC; (A) 30% CMC [7]
liquid, and water, as the swelling liquid®*. The experiments showed no swelling in
the matrix material with n-Octane while there was swelling with water. They also
observed that the sWeIIing rate increased with the percentage of CMC. Figure 9.1
shows their wicking test results with n-Octane—the linearity of the curves prove
that there is no swelling with n-Octane. Figure 9.2 shows the same test with
water—here the wicking curves clearly deviated from the linear pattern. This
deviation increases as the percentage of CMC increases. (Increasing the CMC
percentage means increasing the percentage of the superabsorbent material,

which swell rapidly when put in contact with water-based liquids.)

# The term swelling liquid means that the liquid induces swelling in the considered porous material.
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Figure 9.2 Wicking distance vs. time for water. (o) 0% CMC; (o) 10% CMC,; (0)
20% CMC,; (A) 30% CMC [7]
9.3 Theory of Wicking

We assumed that there is a clear liquid-front during wicking in the test
material. Hence we applied the Darcy's law based model to predict the single-
phase flow behind the liquid front. As we discussed in Chapter 1, the Darcy's law,

for the flow of a single liquid in an isotropic porous medium under isothermal

conditions is

7y =-E5py (9.1)
7

where (/) and (P)’are the volume-averaged liquid velocity and the pore-

averaged modified pressure, respectively. K is the permeability of the porous



216

medium while u is the liquid viscosity. Note that in general the permeability is a

function of both time and space in swelling materials. The other governing
equation for the flow of an incompressible liquid in a porous medium is the
macroscopic continuity or mass-balance equation. It was shown in Chapter 6 that
the modified continuity equation for swelling porous media is

5.7y = g 9%
V=5~ (9.2)

where S is the sink term and ¢ is the porosity. It was shown that the sink term
and the porosity are related to each other, and so the above equation was

simplified to
= = ot
V-(V)=(b—])§ (9.3)

It was shown in chapter 6 that b, the absorption coefficient, is very close to one
[2], so we assume b=17 here (i.e., the volumetric rate of liquid absorption is equal
to the volumetric rate of matrix expansion). As a result, the continuity equation
simplifies to

V- (Vy=0 (9.4)
If the liquid viscosity is considered to be a constant, then a combination of Eq.

(9.1) with Eq. (9.4) leads to the following equation for the modified pressure:

V(KV(PY )=0 (9.5)

Based on Figure 9.3, the pressure boundary-conditions can be expressed as

(PY (x=0)=p,, (9.6a)

(P (x=L,)=p,, ~p. +prgL, (9.6b)
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The relation between the front speed and the volume-averaged liquid velocity

[12] is

5, =90 9.7)

&
On solving Eq (9.5), the pressure field is determined, and then the application of
Eq (9.1) along with Eq (9.7) gives the liquid-front velocity. Knowing the liquid front
velocity, one can find the liquid-front location. Since permeability is a function of
both time and space in swelling porous materials, so finding an analytical solution

for Eq (9.5) is very difficult and hence numerical solutions are needed.

Dry paper
~

"~

TSw. o Liguid front

{P

Water level in
reservolr

a) Wicking setup and boundary conditions b) 2-D mesh

Figure 9.3 A schematic of the wicking setup and the 2-D mesh used in the
numerical simulation

9.4 Numerical Simulation

We used PORE-FLOW® for numerically modeling the liquid flow in
swelling porous media. In the algorithm employed by PORE-FLOW®, the

transient fluid-flow in porous medium involving a moving-boundary (i.e., a flow
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front) is divided into multiple time steps. After assuming a quasi-steady condition
during each time step, Eq (9.5) is first solved for the modified pressure in the wet
region that has been saturated by the moving liquid-front. Then the computed
pressure field is used to estimate the velocity field through Eq (9.1); later the
velocity field is used to find the new location of the liquid front at each time-step.
(Further details on the PORE-FLOW® algorithm are given in Chapter 4.)

Note that since the flow is essentially ohe-dimensional in our problem, a 2-
D flow simulation is enough to capture the fluid flow in the considered geometry
(see Figure 9.3b). The only difficulty here is the dependence of permeability in
the wetted region behind the flow-front on time and space. Since the permeability
of each element in the finite element mesh used for the simulation can be
defined, this dependence reduces to just that of time®® in each element.
Therefore, we need to find the permeability of each element as a function of time.

Permeability of an element, before it gets ‘wet and its matrix starts
swelling, is defined as the initial permeability, Ko. Once the element has been
passed by the liquid front and its matrix has been wetted, the matrix starts
swelling and the porosity (defined as the ratio of the pore volume to the total
volume) begins reducing, the permeability reduces with time. If {, is the time

when an element gets wet“> by the moving liquid-front, then we can propose the

following general form for the permeability of each element as

2 The time here refers to the time the element has been wetted since the passage of the liquid
front through it.

% \When the control volume defined around a finite element node is dry or empty, the filling factor
is '0"; when it is wet or filled, the filling factor is '1".
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K t<t
K =5" el (9.8)
fa(t—t,, ) 1>t
The accuracy of the numerical predictions is highly dependent to the accuracy of
the estimated Kp and fu(r—t ). In the following section, we will explain our

approach to estimating these parameters from the experimental results published

by Wiryana and Berg [7].

Table 9.1. The properties of test liquids [5].

Characteristic Unit n-Octane Water
Viscosity y Pa.s 0.000911 0.000522
Surface Tension y N/m 0.0723 0.0212
Contact Angle © Degree 0 0

9.4.1 Estimating the Wicking Parameters

In order to solve Eq (9.5), we need the permeability and the capillary (suction)
pressure at the front. If we use the Young-Laplace equation to estimate the
capillary pressure, then the needed parameters are the capillary radius R, the
viscosity y, the surface tension y, and the contact angle 6. The properties of the
liguids used in the experiment are given in Table 9.1 [5]. Wiryana and Berg
measured the contact angle to be zero for both the liquids [7]. To estimate the
capillary radius, we used the Lucas-Washburn equation, Eq (3.7). Based on
Lucas-Washburn equation, we can write the following expression for the wicking

tests with n-Octane:
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L, = }&g‘f@ﬁ (9.9)
| 7

Therefore, if we measure the slope of the fitting lines in the Figure 9.1, it should

be equal to (ZR—;—O“?@ Since we know every parameters except R in this
H

expression, so we can calculate the capillary radius R.. The obtained results are

presented in Table 9.2.

Table 9.2. The wicking parameters of test specimen estimated from Figure 9.1

plots.
% of CMC in test Capillary radius Initial permeability
specimen R [m] Ko [m?]
0% 1.5 e-6 2.82 e-13
10% 2.47 e-6 7.65e-13
20% 2.47 e-6 7.65e-13
30% 2.47 e-6 7.65 e-13

To estimate the permeability, we can use the same approach using the Darcy's-
law based formulation for wicking. Considering the Eq (2.21), we can write the

following expression for the wicking tests showed in Figure 9.1:

L, = 1/————4[{” Z;m) Ji (9.10)
g(} 3

Once again, we can use the measured slopes of the fitted lines of Figure 9.1 to
find the value of /4_@#%5(@ . Here¢,, the initial porosity, is 0.59 for all materials
&, .

[7]. All other parameters in the expression are known except the permeability K.

The permeability thus measured could be equated to the initial permeability, K,
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as there were no swelling effects present in the wicking tests with n-Octane. The

measured initial permeabilities are listed in Table 9.2

9.4.2 Estimating the Local Permeability Change

In order to have theoretical (analytic or numeric) predictions for the
experimental wicking data showed in Figure 9.2, we should include the swelling
effects in terms of a model for the local change in permeability with time in the
theoretical models. If we use the methodology explained in chapter 6, and
consider the global values for permeability, then Eq (6.24) can be employed to

predict the liquid-front location as

L, = \/ﬂ [kt )ar (9.11)
EoH

If we use the average values of permeability and raise both the sides of the

equation to a power of 2, then Eq (9.11) simplifies to

2p.K
L, =L, (9.12)
"

£,

The use of Eq (9.12) with the liquid-front-vs-time experimental data given in
Figure 9.2 yields different values for the global (average) permeability as a
function of time. We have used such linear equations on the best-fitted curves of

L, vs t to find the global permeabilities, Kae, and the corresponding elapsed-

time, t;, for regular liquid-front increments (i.e., Lo, 2Lo, 3Ly, ..., nLp at times {4, &,
..., t). Later we used these estimated permeabilities to approximate the

permeability change in the first increment L, at the different times. Here is the

method that was used:
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For time interval t = O till t = ¢4
We can neglect the swelling effect due to a small time-increment and
assume the permeability of the first increment of length Ly to be identical
to the initial permeability,

i.e., K; = Ko.

\

Kaw (t2)

-

Figure 9.4 The permeabilities of the first and second parts at time f = {; along with
the average permeability of the system attime t =t

For time interval t = t,till £ = o
Consider the Figure 9.4 for this time increment; the upper (second) part of
length L, just got wet so its permeability is still Ky but the permeability of
the lower (first) part is unknown. The global permeability that we have
estimated using the experimental data at time t = £, is Kave(fz). Now, we
can use the method explained in Appendix B to calculate the permeability
of the first part Kz through the relation

Lo L __ 2L (9.13)
K, K, K,(t,)

Therefore, the permeability of the first part at this time interval will be
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2 L
Kave (tz ) K()

K, =1/ ) (9.14)

For time interval t = f,till t = t3:
With an approach similar to the one explained above, we can find the
permeability of the first part in the third time interval as well using the
formula

L 2L 3L
L= (9.15)
K3 Kave ([2 ) Kavu ([3 )

Therefore, the permeability of the first part at this time interval will be

3 2

K, =1/ -
Kave (tj ) Kave (tZ )

3

) (9.16)

For time interval { = {4 till £ = £,:
Using the same approach, we get following expression for the permeability
of the first part in the n™ time interval.

n  n-l
Kuve (tll ) Kmre (tn—l )

K, =1/ ) (9.17)

We have used above mentioned approach to find the local changes in the
permeability of the first part, i.e., Ky to K, over the time ¢, till f,. This local
permeability change is assumed to be equal to the time-varying permeability of
the each finite element in the FE mesh after it gets wet by the advancing flow-
front. The best-fitting curves were used to turn the point-wise permeability values
to continuous functions of time to be able to be used in the FE/CV algorithm of
PORE-FLOW® with varying time-steps. Table 9.3 shows the equations for the
best-fitting curves that were obtained as the permeability function for each wetted

element.
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Table 9.3 The estimated equations for permeability change in the first part
(assumed to be identical to the permeability of each wetted element) when water
was used as the wicking liquid.

% of CMC in test Permeability function
specimen x1e14 [m?
0% 0.02660044 t - 0.987185274 t"* + 13.9383114
100/0 3‘2901 89145 e 971.485348471 7 (t + 34.23242083)
20% 0.59 / (0.01300368063 t *4*°°%°%771 0. 01307771327)
30% 157.7577211/ (t + 3.670593901) + 2.156661895

9.5 Results and Discussion

Our goal is to use the computer code PORE-FLOW® (developed in-house)
to predict 3-D wicking in swelling porous materials. The time-varying functions
found for the permeability (Table 9.3) provide a value for the permeability of any
wetted elements after any elapsed time. After knowing the permeability of the
wetted elements and the capillary suction-pressure on the liquid front, we were
able to use PORE-FLOW® for numerical predictions. Note that although the
porosity of any swelling porous-medium is also varying as a result of the swelling
and liquid absorption, but since we do not have any porosity term in the
governing equations®’, so we did not model the changes in the medium porosity
with time. The only porosity term that is needed is the initial porosity (porosity
before swelling), which is used to estimate the capillary suction-pressure on the

liquid front. Since the time steps in the numerical simulation are small, so we

7 Since we assumed b=1 in Eq (9.3), so the porosity term was deleted from the continuity
equation.
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assumed the porosity at the liquid-front elements to be identical to the initial
porosity of the test specimen, i.e., the porosity of the dry medium before the

onset of swelling.
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Figure 9.5 The experimental data and numerical prediction for 0% CMC

Figure 9.5 compares the numerical predictions and experimental data for
the test material with 0% CMC. It shows that the numerical predictions are very
accurate for this material. The slight difference between the experimental and
numerical results is to be expected due to the use of several assumptions and
simplifications in our theoretical /numerical model. It indicates that though these
assumptions are broadly valid, we have lost some accuracy in each assumption
or simplification. One such simplification is the use of the average permeability in

Eq (9.10) instead of a time-varying permeability function.
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Figure 9.6 The experimental data and numerical prediction for 10% CMC

Figure 9.6 shows the same comparison for the wicking tests with 10%
CMC. Here, although the accuracy is still reasonable, it is not as good as in the
previous figure. It is apparent that the accuracy of our theoretical/numerical
model is good at the beginning but it decreases till ¢t = 80 s. After that, the
accuracy increases till { = 400 s and then it starts to decrease again.

In Figure 9.7 the trend is different from previous figures. Here, the
numerical prediction is good till t = 250 s, after which its accuracy begins to
decrease. Note that ihis is for the case in which there are 20% superabsorbent
fibers, which results in a higher swelling rate than the previous experiments. As
mentioned in the previous section, we employed the curve-fitting procedures
while developing the permeability functions. We believe that such fitting

procedures caused some errors as the fitted curves do not usually match the
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data at all points. Therefore, using the data file with advanced interpolation
methods such as the use of splines can improve the accuracy of the permeability

functions.
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Figure 9.7 The experimental data and numerical prediction for 20% CMC

The numerical predictions for wicking in the material with 30% CMC is
shown in Figure 9.8. A very good agreement between the experimental data and
simulation is achieved. There is still a slight error here, presumably due to the
use of curve fittings. Note that in this last case, the highest percentage of
superabsorbent material (30% of CMC) is present in the paper, and hence the
highest rate of swelling occurs in this case. Considering this fact, our prediction
should be considered as an excelient theoretical/numerical prediction.

The comparisons presented in Figures 9.5 to 9.8 establish the accuracy of

our computer code PORE-FLOW® for wicking predictions in swelling porous
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media. We would restate the three sets of assumptions used in the present

study:
1. Replacement of the transient permeability with an average permeability
in Eq (9.11)
2. Use of afitting curve to find the equal intervals for the wicking lengths
3. Use of mathematical equations in best-fitting curves while developing
the local permeability functions in Table 9.3
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Figure 9.8 The experimental data and numerical prediction for 30% CMC

Use of these three assumptions is likely to the cause of some errors in the final
wicking predictions, but the numerical results show that such errors are not
significant. In future, attempts should be made to further reduce the errors
accruing from the above assumptions. Using small time-steps in the wicking

simulation improves the accuracy of the first assumption. Finding the better fitting
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curves such as the spline functions can improve the accuracy of the second
assumption. For the third assumption, the use of the experimental data file and
the spline interpolations (instead of using the mathematical relations) is likely to
improve the accuracy.

As a final note on this topic of prediction errors, we would like to add that
our theoretical model proposed through Equations (9.1) to (9.4) involves a
fundamental assumption that the particles of a porous medium are fixed in space
while undergoing swelling during the wicking process. In the cited work of
Wiryana and Berg [7], the swelling experiments were conducted with paper strips
where swelling would lead to an increase in the thickness of the strips® and is
likely to cause small displacements of the fibers constituting the porous medium.
As a result, the use of the proposed flow model will incur a slight in-built error,

however small it may be.

9.6 Summary and Conclusions

We have proposed a theoretical/numerical model to predict wicking in a
swelling, liquid-absorbing porous medium. The model is validated against the
previous published experimental data by Wiryana and Berg [7] on wicking in
composite paper made of a network of cellulose fibers and different percentage
of the superabsorbent CMC. Due to the swelling of matrix in such a porous
medium, the porosity and permeability vary with time and space. We developed a

method to estimate the local permeability changes in porous materials using the

% No information on the change in the thickness of the paper strips used in their experiments was provided
by Wiryana and Berg [7].
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experimental data on wicking rate. A method to estimate the capillary suction
pressure at the flow fronts was also proposed. The local permeability functions
and the capillary suction-pressure expression were used to predict the wicking
rate as a function of time using PORE-FLOW® [11], a computer program based
on the FE/CV filling algorithm and developed at the University of Wisconsin-
Milwaukee. The numerical predictions compare well with the experimental data.
Some ways to improve the accuracy of numerical predictions through the use of
improved better fitting functions are suggested. In general, this study
demonstrated the efficacy of a numerical simulation based on the FE/CV
algorithm and employing a sharp liquid-front assumption in predicting the wicking
rate in the swelling porous media. It is important to add here that this is the first
time that such a simulation is used to model the liquid flow in a swelling porous

medium during the wicking process.
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Chapter 10

SUMMARY, CONTRIBUTIONS, AND FUTURE WORK

10.1 Summary

Imbibition or wicking,A which is the absorption of a liquid by a porous
medium due to the capillary suction pressure, is the focus of the present study.
Both the conventional theories of wicking, i.e., the Locus-Washburn equation and
the Darcy's law based formulation, are presented as models for the wicking
process. First the imbibition in general is studied and then some special cases
where the imbibitions or wicking plays an important role are considered. The first
such case considered is the modeling the flow of liquids in polymer wicks. A
formula based on the energy balance principle is proposed to predict the capillary
suction-pressure in a porous medium made of spherical particles, such as the
polymer wicks. The capillary model was also modified to improve its accuracy by
making a difference between the capillary and hydraulic pore radii. Later, we
employed our in-house developed software PORE-FLOW?®, based on the finite
element/control volume algorithm, to numerically model the three-dimensional
wicking of liquids into wicks and explore the effect of change in wick shapes on
the phenomenon.

The effect of an external hydrodynamic pressure on wicking into a stack of
paper wipes was studied next. In this analytical and experimental study, the

performance of both the Darcy's law based formulation and the Washburn
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equation were explored vis-a-vis the results of experiments conducted by us: the
former behaved well under zero external pressure white the latter seemed to
improve at higher external pressures.

The capillary suction-pressure applied on the liquid-fronts in porous media
was studied theoretically. A general formula to predict the capiliary suction-
pressure in any porous medium, after including the effect of the microstructure of
a porous medium, was suggested. It was shown that the expressions derived
from the newly proposed formula for some simple cases are identical with the
available expressions in the literature.

The imbibition in the liquid absorbing, swelling porous media was another
topic that was studied. A theoretical model based on Darcy’s law was proposed
to model the wicking in paper-like swelling porous media. In this study, the
continuity equation was modified to include the effect of swelling and liquid
absorption. The predictions of the newly proposed 'theory were found to be
identical to the predictions of the modified Washburn equation developed by
Schuchardt and Berg for swelling media [1], as well as were found to satisfy their
experimental data. Later, the same approach was employed to model the flow of
a water-based test liquid through a fiber mat made of natural fibers. The
comparison of the Darcy's law based theoretical predictions with the
experimental results for the 1-D injected flow showed that the proposed model for
swelling porous-media has a higher accuracy as compared to the conventional
model! for rigid porous-media. The software PORE-FLOW® was adapted to model

the flow through swelling porous media such that the wicking of water in paper
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strips containing superabsorbent materials could be simulated numerically. A

new method was developed to estimate the local, time-dependent permeability in

such swelling media. The numerical results compared well with the experimental

data from a previous published study.

10.2 Contributions

Some of the important scientific contributions resulting from this Ph.D.

dissertation, which were published in established technical journals and

presented in international conferences, are as follows:

First serious study of the Darcy’s law based model, employing the
assumption of single-phase flow behind a well-defined liquid-front and
driven by the capillary suction-pressure applied at the front, for the
wicking/imbibition applications

Modification of the Darcy’'s law based model for modeling wicking in

liquid-absorbing, swelling porous media through a new continuity

equation with sink/source terms obtained through the application of the
volume averaging method and through the use of time-dependent forms
for the permeability and porosity [7]

First application of the finite element/control volume (FE/CV) algorithm
for the modeling of wicking/imbibition in both the rigid and swelling
porous media through our in-house code PORE-FLOW® [5, 9]
Application of the wicking/imbibition flow-model, developed for wicking in

the swelling porous media, to model the resin flow in natural fibermats
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subjected to swelling [8]

e A new validated formula for predicting the capillary suction-pressure in
porous media made of spherical particles with different radii [2]

e A new validated formula for predicting the capillary suction-pressure in
isotropic porous media with a constant value of the volume to surface-
area ratio of the particles [3]

e A new verified capillary model, in which the capillary and hydraulic radii
are treated as two independent parameters that should be measured
separately, for wicking in porous media [4]

e The novel idea of using a reduction in the cross-sectional area of the
cylindrical porous wicks to change the delivery rates [5]

e A general formula to predict the capillary suction pressure in a porous
medium based on its microstructure [6]

e A new method to predict changes in the local permeability of swelling

porous substances using the experimental data for wicking rate [9]

10.3 Future Work

Imbibition of liquids by porous media is a broad area that needs specific
research for each special application. In this work, some applications were
considered and the appropriate theories were developed to study the imbibition
or wicking processes in them. There are still some areas that need more
research to complete the current study. Following are our suggestions for future

work:
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o We used single-phase flow modeling to study wicking into the polymer
wicks. Another approach is employing the two-phase flow model through
the use of the Richard's Equation for moisture transport?®. Such an
approach is appropriate if no sharp front is visible during wicking—around
40% of cases studied in [2] were of this type. Such an approach, which is
also called the unsaturated flow approach, is definitely worth exploring for
the ‘diffuse front’ cases in wicking.

¢ A general formula for the capillary suction-pressure in porous media has
been proposed in this work which was validated by comparing its
predictions with some other expressions verified previously for specific
porous media. However, more experiments need to be done to verify its
applicability to porous substances with complex microstructure.

¢ In the modeling of wicking in swelling materials, we adopted the global
permeability (i.e., the average permeability of the wetted region as a
function of time only) to simplify the governing equations. It is obvious that
this reduces the accuracy. Another attempt should be made in analytical
modeling after including both the space and time dependence in the
permeability model (i.e., the local permeability in the wetted region
changes as a function of time as well as a function of distance from the
flow-front) and study how it works.

e Another part of the future work should be devoted to improving the

numerical simulation of wicking in the swelling porous media. One should

** The Richard’s equation is similar to the heat equation and is used to model the diffusion-like transport of
moisture in porous media [10]. It is derived from the unsaturated-flow equations to model the flow of water
in the capillary fringe near a saturated zone.
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use smaller wicking-height intervals during the local permeability
estimation. Using small time steps and better interpolation methods, such
as the use of splines, should also improve the accuracy of the local
permeability estimation.

One can study the fiber swelling under microscope and use it to estimate
the porosity and permeability changes in fibermats. The results of such a
study can be employed to model liquid flow in the swelling natural

fibermats or in the cellulose-fiber networks.
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Appendix A

CAPILLARY PRESSURE FOR AN ISOTROPIC POROUS
MEDIA WHEN THE RATIO OF VOLUME TO SURFACE
AREA OF PARTICLES IS A CONSTANT

Here in order to find the suction pressure, we apply the energy balance principle
to wicking. The amount of energy needed to raise the liquid in porous medium is equal to
the sum of the viscous energy dissipated by the fluid, the energy spent on accelerating the
fluid from zero to the wicking speed, and the energy needed to overcome the gravity. The
inertial energy can be neglected as the speed of liquid is very low. We also neglect the
gravity effects at this stage because we can include it later in the Darcy's law. So the
reduction of free surface energy is equated to the viscose dissipation energy when the
liquid moves within the porous medium. As the liquid moves through the porous
medium, it reduces the dry surface area and so increases the wetted surface area. If

7, stands for surface energy in dry surface and y, stands for surface energy in wetted
surface areas, then viscous dissipation energy will be

(V4 =7 Jdd==dW, (A-1)
in which d4 is interfacial area and w, is viscous work done during the flow of the liquid.

According to Young’s equation, the relation between the contact angle and

surface energy is given by

cos@="o " Vu (A-2)

v
in which y is represents the surface energy of the liquid and # is contact angle.
Combination of Eq. (A-1) and Eq. (A-2) leads to the following expression for viscous

dissipation energy.

—dW, =y cos 6dA4 (A-3)
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If V. and 4 are the volume and surface area of solid particles, let us define the suction

pressure parameter / as

I = j (A-4)

which leads to the following expression for change in surface area:

_4
M

dA (A-5)

If we approximate the three-dimensional pore structure in paper as something generated
by extruding a two dimensional micrograph (as shown schematically in Figure A-1)
along the vertical direction, /~ can be equated to the ratio of the particle cross-sectional

area to its perimeter. Hence V, can be related to porosity through
dV.=A, dh(l-¢) (A-6)
where A_ is the cross-sectional area of the porous medium perpendicular to the fluid

flow velocity. Combination of Egs. (A-5) and (A-6) leads to the following expression for

interfacial surface area:

A dh(l-¢
d A — o ( ) ( A_7)
r
7 —
—— { N
() S0 N
L | \"‘\\
! ; T,
)/” /_,// AW
- e ~. .
H \ [ SN
'2\. ~ Gaps
Particles

Figure A-1 A schematic of particles and void areas in the cross-section of a porous

medium.

We assumed 7~ stays constant during the wetting which is valid if change in the size of
particles/fibers is small along the thickness direction. Substituting d4 from Eq. (A-7) into
Eq. (A-3) gives the final form of dissipation energy as
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A_dh(1-¢)

—dW, =ycos8 (A-8)
The mechanical work needed to move the fluid by dh is
aw,=F, dh (A-9)

where F is the pulling force that ‘pulls’ the liquid front through the porous medium. As
per the definition of suction pressure, this pulling force should be equal to p,.£ 4. So we
can write

AW =p.e A dh (A-10)

As per energy balance, the total energy of system after moving the front liquid into the
porous medium should be equal to its initial zero value. So the summation of the left

sides of Eqgs (A-8) and (A-10) should be zero, i.e.dW,_+dW,6 =0. The resultant final
expression for the suction pressure is

p.:}/,cos(g)]—s (A-11)
' r €
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Appendix B

PERMEABILITY OF A HYBRID SYSTEM

We have measured the permeability of the hybrid (wipes + fritted glass) system in
my test setup in Chapter 5 using the falling head permeameter. However in order to
estimate the permeability of only the wipes, the hybrid system will be treated as two

porous media that are in series as follows.

First we measure the permeability of porous fritted glass (K, ) and hybrid system
(K ) separately using the falling head permeameter described in Chapter 5. If K is
designated as the permeability of the stack of wipes, L is the length of the wipe stack in
the cylinder and L, is the length of porous fritted glass (see Figure 3.1), then Darcy's law

will lead to:
K AP
0=~ (B-1)
u L

where Q is flow rate, aris steady state pressure drop occurring in the hybrid system, and

L (=L,+L,)is the total length of composite system. As the flow rates within the porous

fritted glass and the wipe stack are the same, so
_K,(4P), K, (4P),

Q
uo L uoL

(B-2)

Note that the total pressure loss ar will be equal to the summation of the individual
pressure drops in the both media:

(4P), +(4P), = AP (B-3)

If the pressure drop terms from Eqs (B-1) and (B-2) are put into Eq. (B-3), we get
L, L, L +L,

W P

K, K, K

(B-4)
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So the overall hybrid permeability K is the harmonic mean of the two constituent

permeabilities, K, and K ,. From Eq. (B-4) the final expression for the permeability of
wipes K, is

___ LKK (B-5)
"U(L+L)K,~LK
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Appendix C

DERIVATION OF THE MODIFIED WASHBURN
EQUATION FOR SWELLING MEDIA

Schuchardt and Berg [1] assumed that the radius of parallel tubes decreases linearly with
time as a result of swelling. Based on this assumption, the capillary and hydraulic radii
were proposed to be

R =R, (C-1a)

R,=R,-at (C-1b)
Note that the capillary radius is taken to be a constant, as it is in the incoming dry part of
the porous medium where the liquid front is just beginning to wet the matrix during
wicking, while the hydraulic radius is deemed to decrease as a result of swelling.

Substituting of Egs (C-1a) and (C-1b) in Eq (3.6) and neglecting the gravity effect leads

to
2 Sul, dL,
yeos(8)  Suly i (C-2)
R, (R,—at)” dt
On separating the variables and rearranging, we have
7€05(6) (g it =1,dL, (C-3)

4uR,
Integrating Eq (C-3) while using the initial condition of L,(t=0)=0 results in the

modified Washburn equation of the form proposed by Schuchardt and Berg [1]:
R, cos(8) 2 17
L, = [PoCos(O), a, @ p (C-4)
' 2u R, 3R,
Reference

1. Schuchardt, D.R., Berg, J.C., “Liquid Transport in Composite Cellulose-
Superabsorbent Fiber Network™”, Wood and Fiber Science, 23,3, 342-357, 1990.
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Appendix D

DERIVATION OF THE VOLUME-AVERAGED
CONTINUITY EQUATION FOR LIQUID-ABSORBING,
SWELLING POROUS MEDIA

For a single-phase flow in a porous medium, the point-wise continuity equation for fluid

flow through the pores of the porous medium can be written as
op, - . '
—al'l—+V.(p_,.V/)=0 (D-1)

where p, and 17/ are density and velocity of fluid, respectively. The volume averaging of

Eq (D-1) in a term-by-term fashion within a representative elementary volume (REV) [1]
leads to
op, - _
<?> +(V.(p,V, ))=0 (D-2)
Two averaging theorems are employed to convert the average of time and space

derivatives to the derivatives of time and space. Using any fluid-flow related quantity ¢,

in a porous medium, the first and second averaging theorems [2,3], respectively, can be

described as

1 ~
(Vg )=V{g,)+ Vol .L,\. q h,dA4 (D-3)
oq, &g, 1 L
= - V. .n,dA D-4
( o ) a Vol L/ qr¥ 5y (D-4)

Here, A is fluid-solid interface area, 7, is the unit normal vector on the fluid solid

interface pointing from fluid phase to the solid phase, and I7ﬁ, is the velocity of fluid-solid

interface (see Figure D-1). The first and second terms on the right hand side of Eq (D-2)

can be expanded using the first and second average theorems, Eqs (D-3) and (D-4), as
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Xp,)
or

Vol J.p/Vﬂn/SdA+V(ij)+ jp,, dA=0 (D-5)

Rearranging Eq (D-5) gives the following form for the volume-averaged continuity

equation.

o
<§[> VAP, V) Ip,(/—V/\)n,\dA 0 (D-6)

The term 17_/. - 17/5, is the relative velocity of fluid with respect to the solid surface of the

particles. In the other words, the surface integral, which is evaluated at the fluid-solid
interface, is the rate of absorption of a liquid by the porous-medium fibers (or particles).
In superabsorbent-fiber networks undergoing swelling, the liquid is absorbed by the
fibers. Eq (D-6) is the general continuity equation for flow in a deforming porous media

undergoing liquid absorption by solid fibers or particles.

REV
h\

. e,
o o,
e,
, .

solid )

Figure D-1. A schematic showing a spherical representative elementary volume (REV),
the solid particles, the fluid region, and the unit normal vector 7z, (which is on the fluid-

solid interface and is directed from the fluid phase to the solid phase) in a porous
medium,

For an incompressible liquid, the density can be removed from the terms of Eq
(D-6) and the continuity equation reduces to

a<j’>+v<rf Y+ S =0 (D-7)
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with

s=1 j(V,.—Vﬁ )7 dA (D-8)
4y

vl ]

such that the sink term S is defined to be the ratio of volumetric rate of liquid absorption

within an REV to the total volume of REV. Since (/) = £, ,s0 Eq (D-7) can be simplified

to the following final form for the flow of an incompressible liquid in a swelling, liquid-

absorbing porous medium.

y==S-—F (D-9)

Reference
1. Whitaker, Stephen, "The Method of Volume Averaging", Springer, 1998

2. Pillai, K.M., "Governing Equations for Unsaturated Flow in Woven Fiber Mats: Part
1 Isothermal Flows", Composites Part A: Applied Science and Manufacturing, 33,
1007-1019, 2002.

3. Pillai, K.M. and Munagavalsa, M.S., “Governing Equations for Unsaturated Flow
through Woven Fiber Mats, Part 2: Nonisothermal Reactive Flows”, Composites Part
A: Applied Science and Manufacturing, 35, 403-415, 2004.
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Appendix F

PRESSURE CHANGE UNDER A FLAT WIPE AT A SMALL
ANGLE OF ATTACK

As the angle of attack is small during the wiping motion, so the lubrication
approximation can be applied. Based on the lubrication approximation theory, following
assumptions should be made to simplify the Navier-Stokes equations for a thin liquid
film sheared between two surfaces:

o The effects of curvature of surfaces are negligible.

o Fluid properties (viscosity and density) are constant and isentropic.

e Flow is laminar.

e Flow is moving between two surfaces that are 'almost parallel’; that means the
angle between the two surfaces is very close to zero.

e The pressure change across the film is small and negligible.

e The rate of change of any velocity component along the film can be neglected in
comparison with the rate of the same velocity component across the film.

e Flow is predominantly two-dimensional.

After applying the above assumptions, the simplified Navier-Stokes equation will be

a_P_ ’u
Ox ”ayz

(F-1)

where P is pressure, u is velocity component in the x direction, and x is the fluid

viscosity. Since P supposed to be a function of x, so this equation can be integrated twice

with respect to y to get
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2
u=2"%2, 4x+B (F-2)
2u Ox

Here 4 and B are either constants or functions of x, which should satisfy the boundary
conditions. Based on the schematic setup presented in Fig. F-1 where the wipe is
considered fixed and the fluid is moving with the velocity U toward it, the no-slip
condition at the lowef surface results in

u(x0)=-U = B=-U (F-3)

Sutface ]

Figure F-1. A schematic of cleaning a surface by a flat wipe at a small angle of attack

In order to find 4, Beavers and Joseph boundary condition should be applied at the
interface of the porous wipe and the open channel below. Applying this boundary

condition at the wipe-fluid interface leads to

(F-4)

ou s(u+U)
y

y=h

y=h

where S=%—E , «a is the dimensionless slip coefficient, and K is the wipe

permeability. Using Eqs (F-2) and (F-3) in (F-4) allows us to estimate 4 as

Az_gﬁgﬁ (F-5)
4 Ox
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in which
2—-sh
= F-6
M= (F-6)
Using Eqgs (F-3) and (F-5) with Eqn (F-2) yields final form of velocity equation as
1 opP
u(x,y) = ————(* = 4yh)-U (F-7)
2u Ox

To find the v component of the velocity at the top of the liquid film, the continuity

equation can be applied. For 2-D incompressible fluid, the continuity equation is

ou Ov

Ox Oy F8)

Integrating Eqn (F-8) from 0 to / along the y direction gives v(x, k) as

VxR fav=- [y (F-9)

0

To integrate the right hand side, Leibnitz rule will be applied. Accordingly,
b b
2 rendy = [Ty )L - fix,a) ™ (F-10)
ox ; ooOx dx dx

Using Eqn (F-10), the following derivation can be achieved:

" Ou d’
ady:;’;;udy u(x, h)~—+ u(x 0)— (F-11)

4}

Since angle of attack is small, so dh g is small and negligible; last term also vanishes

due to the no-slip condition at the lower surface. Using the expression for u(x,y) from

Eqn (F-7) for integration on the right hand side, we get

h
fudy =1, F _un (F-12)
ox

0
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in which

h3
A, =—(2-34 F-13
Ty ( ) (F-13)

Using Eqns (F-12) and (F-11) in Eqn (F-9) leads to

v(x,h) = ——(,1 g—Uh)‘ (F-14)
ox

If the flow into the wipe is assumed to be just in the vertical direction, which appears
correct for small angle of attack, the mass balance of fluid flow under and into the wipe
gives the equation

U(h, —hy) =v(x,h)L ; (F-15)
where L is length of the wipe. And as the angle is small, L can be considered equal to the
horizontal projection of the wipe. Using Eqn (F-14) into Eqn (F-15) gives us

oP _Uth, ~hy)
L

——(/1 a—Uh) = (F-16)

Integrating the above equation two times gives the following equation for pressure

distribution:

X

dP = j dx (F-17)
0

0

If pressures at the inlet and outlet are assumed to be zero, i.e. P(0) = 0 and P(L) = 0,

then
h, —h,
L Uh— U( )
I L dx
0 A,
P(L)y=0 = C=- - (F-18)
rdx
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Substitution of the above equation in the Eqn (F-17), while using Eqns (F-6) and (F-13),

yields the final expression for pressure distribution as

L Uh— U(hL - ho) ZATL T/
j L dx
5 ( B 2 s h)
o U —h) N
L dx
1’2 T
P(x) = K BRGNS (F-19)
h
0 - )
12 ,u 1 ~sh
0.0012 -
0.001 4
0.0008 4
E 0.0006 -
é 0.0004 -
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-0.0002 -
Length [m]

Figure F-2. Predicted pressure distribution for a wipe using Eqn (F-19).
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